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ABSTRACT
We study the problem of string propagation in a general instanton background for
the case of the complete heterotic superstring. We define the concept of generalized Hy-
perKa¨hler manifolds and we relate it to (4,4) superconformal theories. We propose a gen-
eralized h-map construction that predicts a universal SU(6) symmetry for the modes of the
string excitations moving in an instanton background. We also discuss the role of abstract
N=4 moduli and, applying it to the particular limit case of the solvable SU(2)×IR instanton
found by Callan et al. we show that it admits deformations and corresponds to a point
in a 16-dimensional moduli space. The geometrical characterization of the other spaces in
the same moduli-space remains an outstanding problem.
* Work supported in part by Ministero dell’Universita` e della Ricerca Scientifica e Tec-
nologica
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1. Introduction
Gravitational instantons (for a review see [1]) have an intrinsic interest and further-
more may provide a mechanism for the non perturbative breaking of local supersymmetry
[3]. Their study, in the context of string theory, is a part of a more general study, namely
the identification of the Conformal Field Theories corresponding to the geometries under
consideration and the study of their properties.
Significant advances have been recently made in identifying conformal field theories
related with black-hole space-times in unphysical dimensions (D=2) [4] and some insights
have also been obtained on the physical case [5]. A limit case of instanton conformal field
theory has been discussed in a seminal paper by Callan, Harvey and Strominger [6].
So far this issue has not been addressed in a full-fledged heterotic superstring frame-
work. Indeed, like the case of the Witten black-hole [4] the investigation has been limited
to a discussion of the σ-model on the selected space-time, ignoring the internal degrees of
freedom of the superstring and the question of modular invariance.
In this paper we consider the issue of gravitational instantons in the context of the
complete heterotic superstring.
The first basic point of our work is the proposal of a generalized h-map, according to
which the propagation on an instanton background of a heterotic superstring compactified
on a Calabi-Yau space is given by the tensor product of three conformal theories: a c = 6
(4,4)-theory, a c = 9 (2,2)-theory and the c = 11 right-moving current algebra of SO(6) ×
E8
′. A general prediction of our framework is that all particle modes in any istantonic
background of this type are classified by an SU(6) symmetry group. This prediction
is absolutely analogous to the prediction that, in Calabi-Yau compactifications, massless
particles fall into E6 representations.
We study in depth the relation between (4,4) world-sheet supersymmetry and the
self-duality (respectively antiselfduality) of the curvatures R(ωR ± T ), where T is the
torsion and ωR is the Riemannian connection. Spaces with this property correspond, as
we show, to a generalization of HyperKa¨hler manifolds and have the proper geometry
to describe axionic-dilatonic instantons. These configurations were originally introduced
by D’Auria and Regge [7] long time ago and were more recently rediscovered in string
theory by Callan, Harvey and Strominger [6] and by Rey [8]. Their distinguished feature
is asymptotic flatness which is an essential feature in order to utilize the instanton in any
supersymmetry breaking mechanism a` la Konishi et al [3]. Indeed, for the instanton to
contribute to a scattering amplitude, the asymptotic states must be the same in flat space
and in the instanton background. Such asymptotic flatness requires an unsoldering of the
Lorentz-bundle from the tangent bundle which is indeed what the axionic and dilatonic
fields combined are able to realize.
The second basic point of our investigation concerns the moduli-deformations of the
(4,4)-theory. We discuss the general characterization of the moduli within an arbitrary
c = 6 (4,4)-theory and their use to construct the emission vertices of the particle zero-modes
appearing in the spectrum of the heterotic superstring. In this discussion we utilize the K3
example as a guideline for our generalization. Actually K3 is compact, non asymptotically
flat and HyperKa¨hler, yet both HyperKa¨hler and generalized HyperKa¨hler manifolds lead
to (4,4) world-sheet supersymmetry, so that the associated conformal field theory has the
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same structure and the same properties for both kind of manifolds. Incidentally this is the
very reason why we name generalized HyperKa¨hler the manifolds under consideration in
the present paper.
Considering with special attention the limit case where the manifold of the axion-
dilaton instanton reduces to SU(2) × IR [6], case where asymptotic flatness is lost, but
conformal solvability is gained, we discuss the (4,4)-moduli of this specific model showing
that they are four as for flat space. We explicitely exhibit the infinitesimal deformations of
the metric and of the torsion, finding apparently that the SU(2)×IR instanton is a point in
a 16-dimensional space. In the same way, if one counts the deformations of the flat space
IR4 one finds that they depend on 16 parameters. However, although one gets the correct
counting of zero-modes, from the geometrical point of view all the deformations can be
reabsorbed by diffeomorphisms (any constant metric can be diagonalized and rescaled to
unity in this way). The same does not hold true if the space has the topology of a torus,
since global diffeomorphisms must respect the foundamental identifications. In the case of
the instanton, as we will see, in general the deformations are significative; however further
study is required to decide if someone (and which one) of the deformations can be reab-
sorbed by diffeomorphisms for certain values of the moduli. The global characterization of
this moduli space and the geometric interpretation of the deformed space is therefore still
an outstanding problem.
The paper is organized in seven sections plus an appendix. Each section contains
an introductory discussion of the topic developed therein, so we dwell no longer on these
general remarks.
In particular the general philosophy and the perspective of our proposal are discussed
in section 2, where the generalized h-map is introduced and the role of the N=4 moduli is
illustrated.
Section 3 discusses asymptotically flat axion-dilaton instantons from the viewpoint of
the effective superstring lagrangian, using the New minimal formulation of N=1 super-
gravity, which is the appropriate one for heterotic string derived theories.
Section 4 describes supersymmetric σ-model with dilaton-axion coupling in the rheon-
omy framework.
Section 5 discusses the conditions for extended (4,4) world-sheet supersymmetry and
introduces the notion of generalized HyperKa¨hler manifolds.
Section 6 discusses the conformal field-theory of the SU(2)× IR model and its moduli
deformations.
Section 7 studies the deformed geometry of the SU(2)× IR model.
Appendix A contains the complete list of emission vertices for all massless particle
zero-modes in an arbitrary (4,4) background.
2. Gravitational instantons and (4,4)-superconformal theories:
the idea of a generalized h-map.
The basic idea
We want to investigate the possibility of constructing consistent heterotic string vacua
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where the usual c = (6, 4) conformal field-theory (CFT) that represents four dimensional
flat space is replaced by some new c = (6, 6) theory describing string propagation on a
non-trivial four-dimensional geometry. For many reasons, that will become clear in the
sequel, particularly appealing are the possibilities offered by c = 6 theories possessing
N = 4 world-sheet supersymmetry. We focus on these theories.
The first part of our discussion is somehow heuristic: we use, as a guideline, the analogy
of the scheme we propose with the procedure utilized to compactify string-theory on 6-
dimensional manifolds of SU(3) holonomy [9]. As it is well-known [10], from the abstract
point of view, this operation is represented as the replacement of the c = (9, 6) theory,
corresponding to six flat dimensions, by a (9, 9)2,2 conformal theory *
Let us briefly review the process of this compactification, in order to proceed in analogy
with it also for the space-time part.
The “initial” situation is that required by critical heterotic string theory [11] in d=10,
namely the vacuum is a CFT of central charges (15, 26) that can be realized as
(15, 26) = (15, 10)⊕ (0, 16) (2.1)
The (15, 10) theory is generated by 10 left-moving ⊕ 10 right-moving world-sheet bosons,
together with 10 left-moving fermions: it represents the heterotic σ-model on flat 10-
dimensional space. The (0, 16) theory is that generated by 32 right-moving fermions de-
scribing the gauge group Ggauge degrees of freedom, namely those of the Kacˇ-Moody alge-
bra Gˆgauge. The choice of Ggauge is determined by the enforcement of modular invariance
and we consider the version of the theory where Ggauge = E
′
8 × E8. We consider the 10-
dimensional space to be split in a 6-dimensional internal submanifold and a 4-dimensional
space-time manifold. At the level of conformal field-theories this means:
(15, 26) = (6, 4)⊕ (9, 6)⊕ (0, 16)
The main point of the h-map construction [10] is the possibility of considering heterotic
string vacua where the above situation is modified as follows:
(15, 26) = (6, 4)⊕ (9, 9)⊕ (0, 13) (2.2)
This is commonly expressed by saying that six of the heterotic fermions have been “eaten
up” by the internal theory (which becomes left-right symmetric); the remaining thirteen
generate the current algebra of E′8 × SO(10).
From the Kaluza-Klein viewpoint, one is considering a 10-dimensional manifold with the
following structure:
M10 =M6 ×Mflat4 (2.3)
The “eating” of six heterotic fermions is due to the 10-dimensional axion Bianchi identity
dH = 0 which (at 1storder) requires
0 = TrF ∧ F − TrR(6) ∧R(6) (2.4)
* From now on we use the notation (cL,cR)nL,nR to mean a CFT of central charges cL(cR) in the left (right)
sector, possessing nL,nR left (right) supersimmetries.
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and is solved by embedding the spin connection into the gauge connection. In this way the
gauge group is broken to the normalizer of the internal manifold holonomy group Hol(M6)
.
In the particular case of manifolds with SU(3) holonomy (Calabi-Yau manifolds), the
residual gauge group is E6 ⊗ E′8, as it follows from the maximal subgroup embedding:
E6 × SU(3) −→ E8 (2.5)
Thus Kaluza-Klein analysis shows that the massless fields on Mflat4 are organized in E6
representations. From the abstract point of view, the case of SU(3) holonomy corresponds
to the particular case of the decomposition (2.2) in which the internal theory has (2, 2)-
supersymmetries:
(15, 26) = (6, 4)⊕ (9, 9)2,2 ⊕ (0, 13)
One can show [10] that the U(1) current appearing in the N = 2 algebra and the SO(10)
currents of the heterotic fermions combine, together with suitable spin fields, to yield the
current algebra of E6, in due agreement with the maximal subgroup embedding:
SO(10)× U(1) −→ E6 (2.6)
Hence the emission vertices of the 4-dim fields are organized in E6-representations as it is
required by Kaluza-Klein analysis.
The question of consistency of these compactified theories and, in particular, the question
of their (1-loop) modular invariance is better addressed by looking at their construction
from a different viewpoint. Consider a modular-invariant type II superstring vacuum: for
what concernes central charges we have:
(15, 15) = (6, 6)⊕ (9, 9) (2.7)
the (6, 6)-theory corresponding to flat 4-dim space and the (9, 9)-theory describing some
non-trivial “internal” manifold. One shows that the “h-mapped” heterotic vacuum,
obtained by replacing, in the partition function of (2.7), the subpartition function of
the two right-moving transverse fermions with that of 2 + 24 fermions (generating a
E′8 × SO(2 + 8) = E′8 × SO(10) current algebra) is also modular invariant.
When the internal theory has N = 2 supersymmetry, the fundamental implication of
modular invariance is the projection onto odd-integer charge states with respect to the
diagonal U(1) group obtained by summing the U(1) of the N = 2 algebra with the SO(2)
generated by the transverse space-time fermions. This is just the rephrasing in the present
context of the GSO projection [10,13].
Let’s now consider an extension of the above described mechanism. We start from the
conformal field-theory describing the heterotic string compactified on a Calabi-Yau mani-
fold,
(15, 26) = (6, 4)⊕ (9, 9)2,2 ⊕ (0, 13)
and we let the four-dimensional theory eat four of the heterotic fermions, so that
(15, 26) = (6, 6)⊕ (9, 9)2,2 ⊕ (0, 11) (2.8)
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The remaining heterotic fermions generate a current algebra E′8 × SO(6).
From the geometrical σ-model point of view, what we have done is to consider a target
space of the form
M10 =M6 ×M4
whereM6 is still a manifold of SU(3) holonomy butM4 is no longer flat space. Condition
(2.4) extends to
0 = TrF ∧ F − TrR(6) ∧R(6) − TrR(4) ∧R(4)
which can be solved by embbeding also the holonomy groupHol(M4) into the gauge group.
In particular consider the case where Hol(M4) ⊂ SU(2): this happens for gravitational
instantons, whose curvature is either self-dual or antiself-dual. In this situation the gauge
group is broken to SU(6), as it follows from the maximal subgroup embedding:
SU(6)× SU(3)× SU(2) −→ E8 (2.9)
From the abstract viewpoint, this is reproduced if the c = (6, 6) theory possesses a (4,4)
supersymmetry:
(15, 26) = (6, 6)4,4 ⊕ (9, 9)2,2 ⊕ (0, 11) (2.10)
Indeed the U(1) current of the N = 2 algebra associated with M6, the SU(2) currents of
the N = 4 algebra associated with M4 and the SO(6) currents of the heterotic fermions
combine together with suitable spin fields to yield the SU(6)-current algebra, according to
the maximal embedding
U(1)× SU(2)× SO(6) −→ SU(6) (2.11)
Thus, on this background, the emission vertices for particle-modes (both massive and mass-
less) are organized in SU(6)-representations, as it is requested by Kaluza-Klein analysis.
The issue of modular invariance
As we already recalled, in the case of compactifications on Calabi-Yau manifolds, that
is by means of a (9, 9)2,2 theory, one starts from a type II modular invariant partition
function, corresponding to a CFT:
(15, 15) = (6, 6)⊕ (9, 9)
The (6, 6) part, corresponding to 4-dimensional flat space, contains the world-sheet bosons
Xµ, X˜µ and the fermions ψµ, ψ˜µ and the complete partition function has the structure:
Ztot =
∑
i,¯ı
Z
(9,9)
i,¯ı Z(X
µ, X˜µ)B
(4)
i
(
B
(4)
ı¯
)∗
B
(−2)
i
(
B
(−2)
ı¯
)∗
(2.12)
where
i) Z(Xµ, X˜µ) is the usual partition function for the four free bosons,
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ii) B
(4)
i are the SO(4)-characters in which we can organize the partition function for the
four free fermions ψµ, ψ˜µ ( the index i taking the values 0, v, s, s¯ , for the scalar, vector
and spinor conjugacy class, respectively),
iii) B
(−2)
i are the partition functions for the superghosts,
iv) Z
(9,9)
i,¯ı is the partition function for the internal theory which couples to reps (i, ı¯) of
the space-time SO(4) and of the superghosts.
The reason why we have denoted as B
(−2)
i the superghost partition function becomes
clear from the following considerations. If the superghosts have boundary conditions
[
a
b
]
,
(
[
a
b
]
=
[
0
0
]
,
[
0
1
]
,
[
1
0
]
,
[
1
1
]
) their partition function can be computed to be[12]:
Zsg
[
a
b
]
(τ |z) = η(τ)
θ
[
a
b
]
(τ |z) =
1
Z
[
a
b
]
(τ |z) (2.13)
which is exactly the reciprocal of the partition function for two free fermions with spin-
structure
[
a
b
]
*
Since the superghosts are forced by world-sheet supersymmetry to have the same spin-
structure as the space-time fermions, dealing with the theory described by eq.(2.12) one
can use the cancellation of the superghost partition function with the partition function
for two fermions. Instead of (2.12) one can simply write
Ztot =
∑
i,¯ı
Z
(9,9)
i,¯ı Z(X
µ, X˜µ)B
(2)
i
(
B
(2)
ı¯
)∗
(2.14)
that is, one considers only the transverse fermions.
The h-map construction of the associated heterotic theory is based on an isomorphism
between the SO(2n)-characters and those of SO(2n+24) or E′8×SO(2n+8). It works as
follows. The action of the modular transformations S and T on the characters of SO(2n)
in the basis labeled by 0, v, s, s¯ is given by
B
(2n)
i
T−→ T (2n)ij B(2n)j
B
(2n)
i
S−→ S(2n)ij B(2n)j
(2.15)
where
T (2n) = diag(1, 1, ein
π
4 , ein
π
4 )e−in
π
12
S(2n) =

1 1 1 1
1 1 −1 −1
1 −1 einπ12 −einπ12
1 −1 −einπ12 einπ12
 (2.16)
* This reciprocity holds only at genus g=1. For higher genera it is amended by a phase factor that amounts
to a correct assignment of spin statistics[12]. In all known constructions if one fixes 1-loop modular invariance
plus spin statistics, higher loop modular invariance is also ensured. We assume that this will go through also in
our construction.
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The isomorphism is realized by
T (2n) =MT (2n+24)M
S(2n) =MS(2n+24)M
(2.17)
where the idempotent matrix M is given by:
M =
 0 11 0 0
0
−1 0
0 −1

It interchanges the scalar and the vector characters, besides flipping the sign of the spinor
and antispinor characters. The characters of E′8×SO(2m) transform as those of SO(2m+
16), so that the isomorphism permits also to reach these groups.
Due to (2.17), if one replaces the two right-moving transverse ψ˜µ fermions with 26 heterotic
fermions that generate the gauge group E′8 × SO(10), by taking proper account of the
matrix M , the resulting theory has a modular invariant partition function.
In eq.(2.12) we made no explicite use of the cancellation between superghosts and
longitudinal fermions for the following reason. We wanted to enphasize the possibility of
constructing, out of the Zsg
[
a
b
]
and by means of combinations analogous to those used
for the free fermions, new characters labeled by an index i = 0, v, s, s¯, whose modular
transformations are very similar to those in eq.(2.16).
Indeed, in analogy with the characters of 2n fermions let the superghost characters be:
B
(−2)
0 =
1
Z
[
0
0
] + 1
Z
[
0
1
] ; B(−2)v = 1
Z
[
0
0
] − 1
Z
[
0
1
]
B(−2)s =
1
Z
[
1
0
] + 1
Z
[
1
1
] ; B(−2)s¯ = 1
Z
[
1
0
] − 1
Z
[
1
1
] (2.18)
Eq.(2.18) is obtained from the definition of the B
(2n)
i characters [10,13] by the replacement
(Z
[
a
b
]
)n −→ 1/Z[ab]. Using the modular transformations of the Z[ab](τ), already utilized
to obtain eq.(2.16) , we find :
B
(−2)
i
T−→ T (−2)ij B(−2)j
B
(−2)
i
S−→ S(−2)ij B(−2)j
(2.19)
where
T (−2) = diag(1, 1, e−i
π
4 , e−i
π
4 )ei
π
12
S(−2) =

1 1 1 1
1 1 −1 −1
1 −1 e−i π12 −e−i π12
1 −1 −e−i π12 e−i π12
 (2.20)
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Formally, these matrices are obtained from those in eq.(2.16) by setting 2n = −2, which
explains the chosen notation. Moreover it is manifest that we can use the h-map isomor-
phism to substitute the characters of the superghosts with those of 22 heterotic fermions
with gauge group E′8 × SO(−2 + 8) = E′8 × SO(6).
Consider now a modular invariant type II vacuum in which the c = (6, 6) part repre-
sents a four-dimensional space with non trivial geometry. The partition function of such a
theory is
Ztot =
∑
i,¯ı
Z
(9,9)
i,¯ı Z
(6,6)
i,¯ı B
(−2)
i
(
B
(−2)
ı¯
)∗
(2.21a)
Z
(6,6)
i,¯ı being the partition function for the (6, 6) theory which couples to the characters
(i, ı¯) of the superghosts.
Although the SO(4) characters have disappeared from the game, we can still perform the
h-map construction of an associated modular invariant heterotic theory. The result is just
of the form (2.8). If, in addition we choose a space-time with SU(2) holonomy, the result
is of the form (2.10). After h-map the partition function (2.21a) becomes
Ztot =
∑
i,¯ı
Z
(9,9)
i,¯ı Z
(6,6)
i,¯ı B
(−2)
i
(
B
(E′8×SO(6))
ı¯
)∗
(2.21b)
The vertex operators
The next step in the analysis of the heterotic theory (2.21b) is the construction of
the corresponding vertex operators. This construction summarizes many aspects of the
theory under discussion. Furthermore physical amplitudes are expressed in terms of the
vertex correlators, so that knowledge of the vertices is an essential ingredient to extract
any physical information.
In the case where M4 is flat space, the emission vertex for any particle-field has the
general form:
V ··,•ǫ ( k, z, z¯ ) = Φǫ(z, z¯) e
ik·X(z,z¯) Ψ··(z, z¯) Λ•(z, z¯)
where Φǫ(z, z¯) e
ik·X(z,z¯), Ψ··(z, z¯) and Λ•(z, z¯) are conformal fields respectively belonging
to the theories (6, 4), (9, 9)(2,2) and (0, 13). The last two factors determine the internal
quantum numbers (··, •) of the particle one considers. The first factor, instead, determines
its space-time character, namely its spin, its polarization ǫ, and its momentum k. The
compound Φǫ(z, z¯) e
ik·X(z,z¯) is the conformal field-theory corresponding of a pure-state
wave-function ψk,ǫ(X) satisfying the wave equation:
∆ψk,ǫ(X) = m
2 ψk,ǫ(X) (2.22)
where ∆ is the relevant wave-operator (Dirac, Rarita-Schwinger, Einstein, Yang-Mills,...)
and m2 = k2 is the squared mass. The reason why polarization and momentum are
utilized to label this part of the vertex operator is that they are good quantum numbers
in flat space. Indeed on a flat background a complete set of solutions of (2.22) can always
be expressed in terms of plane waves. Massless-particles have k2 = 0 and are the zero-
modes of the wave operator ∆ . When we deal with some non trivial space-time geometry,
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the eigenfunctions of the operators ∆ are no longer plane-waves and their spectrum is
labeled by a new set of quantum numbers replacing the momentum k and the polarization
ǫ. Correspondingly the compound Φǫ(z, z¯) e
[i k ·X(z,z¯)] is replaced by suitable operators
Θi(z, z¯) of the (6, 6)4,4 theory. A finite number of these operators correspond to the zero
modes of ∆ and can be used to calculate the scattering of massless particles in the non-
trivial background under consideration.
Another important remarque concerns the moduli: the non-trivial space-time one
considers usually admits continuous deformations that preserve both its topology and its
holonomy. The parameters of these deformations are named moduli and, from the CFT
viewpoint, they correspond to suitable marginal operators one can add to the 2-dimensional
lagrangian preserving its (4,4)-supersymmetry. Exactly as in Calabi-Yau compactifica-
tions, the spectrum of zero modes for the various operators ∆ depends on the number of
these deformations: furthermore the corresponding vertex must be thought as a function
of the moduli.
In the construction of the relevant vertices we proceed in analogy with what one does
for the internal dimensions. We relate the counting and the group-theoretical indexing of
the possible conformal operators that possess the correct dimensions and charges to the
counting of zero-modes for the fields appearing in the low-energy effective supergravity,
when this latter is expanded around the particular background, abstractly described by the
CFT under investigation. The procedure is like a Kaluza-Klein compactification to zero
dimensions. On the other hand, in order to gain a more intuitive comprehension of the role
of the operators appearing in the (6, 6)4,4 theory, it is instructive to compare the vertices
with those of flat space. To this purpose it is useful to recall that flat four-dimensional
space possesses an N=4 world-sheet supersymmetry. Hence we can recast the operators
appearing in the vertices in a form suitable of generalization to any (6, 6)4,4. As pointed
out, in what follows we try to estabilish a general procedure; yet we choose to illustrate
it in terms of an example, namely using the K3 manifold. The convenience of this choice
is manifest. Indeed we want to proceed in analogy with Calabi-Yau compactifications and
K3 is the unique non-trivial compact Calabi-Yau space in four dimensions. This makes the
analogy closer. Furthermore compactification on K3-surfaces has been extensively studied
in the past [14] and it is known to be represented by a (6, 6)4,4 theory, which in some
points of moduli space is even solvable, being given by a tensor product of N = 2 minimal
models. The knowledge of K3 cohomology, described by the Hodge diamond
1
0 0
1 20 1
0 0
1
(2.23)
makes the counting of the zero-modes easy yielding non-trivial results that can be compared
with the CFT counting of vertices.
On the contrary, for physical reasons, K3 is not the most appealing possibility. It is
a gravitational instanton, but it is compact. Our goal is to extend the same techniques to
four-dimensional instantons of the effective lagrangian that are asymptotically flat (this
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last feature seems to be realizable only with torsion[7]). An instantonic solution with
the desired properties has appeared frequently in the recent literature [6,8], and in later
sections we focus on it. Unfortunately an exact and solvable N=4 SCFT corresponding
to this solution is known only in a particular limit in which the asymptotic flatness is
lost. However the theory remains interesting in its own right as a case study. We may
also stress that one of the results of the present paper is the explicit deformation of this
solution by means of its moduli that we discuss later on. In this way we are able to extend
the particular background of [6] to a class of solutions depending on certain parameters
whose geometrical interpretation is still an open problem.
In order to analyse the vertex-operators for the zero-modes we need the field content
of the effective four-dimensional theory, which is a matter-coupled D=4,N=1 supergravity
arising from compactification on the internal Calabi-Yau manifold. This field content is
described in the next section.
We begin with the E6 charged fields given by the gauge multiplet (gauge bosons and
gauginos, transforming in the 78 representation ), by h2,1 WZ multiplets transforming in
the 27 and h1,1 transforming in the 27-representation (these Hodge numbers being those
of the compactified CY space). We consider the zero-modes of these fields in the classical
background provided by a K3 manifold. As already enphasized, we embed the space-time
spin connection into the gauge connection, breaking the gauge group as follows:
E6 −→ SU(6)× SU(2) (2.24)
To investigate the zero-modes we must take into account the branching of the representa-
tions of E6 under (2.24).
The adjoint representation is decomposed as
78 = (35, 1) + (1, 3) + (20, 2) (2.25)
Consider the gaugino field. Its index in the adjoint of E6 is split accordingly to eq.(2.25);
it also has a spinorial index on K3. Thus the possible cases are :
• λA,α A being an index in the adjoint (35) of SU(6), α being the spinorial index. The zero-
modes are in correspondence with the Dolbeaut cohomology H0,q. Since the chirality is
given by (−1)q, looking at the Hodge diamond (2.23) we see that there are two zero-modes
both of the same chirality.
• λ,Xα X in the adjoint of the SU(2) holonomy group of K3. The zero-modes should be
related to the cohomology groups H0,q(EndT ) of Endomorphism-(of the tangent bundle)-
valued antiholomorphic forms. By the explicit realization of K3 as an algebraic surface
one can evaluate the dimension of this cohomology group, case by case.
• λa,xα a belongs to the 20 of E6; x in the 2 of SU(2) is the same as a contravariant holo-
morphic index which can be lowered by means of the holomorphic (2, 0) form. Because of
the spinorial index, the zero-modes correspond to (1, q) harmonic forms. We can therefore
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have just h1,1= 20 zero-modes with the opposite chirality with respect to those in the
adjoint of SU(6)
Consider then the gauge bosons. According to the decomposition (2.25) we have:
• AA,µ µ can be a holomorphic or antiholomorphic index. Since, due to the vanishing of
h1,0 and h0,1 the holomorphic SU(6) bundle is trivial, there is no zero-mode of this kind.
• A,Xµ Zero-modes are related to the Dolbeaut cohomology H
1(EndT ).
• Aa,xµ Again, x behaves as a holomorphic index that can be lowered by the holomorphic
(2, 0) form or by the metric according to the necessity to obtain again an antisymmetric
form. Then the zero-modes can be set in corrispondence with (1, 1) forms, for both the
type of µ. We have thus 2 h1,1 = 40 zero-modes of this kind.
The 27 of E6 is decomposed as
27 = (15, 1) + (6, 2) (2.26a)
Consider the fermion field belonging to any of the WZ multiplets that transform in the 27
representation (these are the charged fields paired to the complex structure deformations
of the Calabi-Yau manifold). The decomposition (2.26a) gives rise to the following cases:
• χA,α A belonging to the 15 of SU(6), α the spinorial index. Zero-modes correspond to
the Dolbeaut cohomology H0,q so there are two zero-modes of the same chirality
• χa,xα a is in the 6 of SU(6); x in the 2 of SU(2) is like a holomorphic index; once lowered
by the (2,0) form the zero-modes are put into correspondence with H1,q so that there are
h1,1 = 20 modes, of opposite chirality with respect to the previous ones.
The possibilities for the scalars of these 27 families are:
• ϕA, for which there is just h0,0 = 1 zero mode.
• ϕa,x Lowering the index, the correspondence is with H0,1 and so no zero-modes exist
The 27 of E6 decomposes as
27 = (15, 1) + (6¯, 2¯) (2.26b)
For the 27-spinors we have, analogously to the 27-ones, two zero-modes in the 15 and
twenty in the 6¯, of opposite chiralities; for the 27-scalars, one mode in the 15.
Consider now the fields of the gravitational multiplet
To look for the zero-modes of the graviton field, i.e. of the metric, means to look for the
solutions of the Lichnerowitz equation on K3, which are known to be 58. This number is of
course determined by the cohomology of K3, and to this purpose a discussion is necessary,
about the separated counting of the metric and torsion zero-modes. It goes as follows.
From the K3 Hodge diamond (2.23) we know that h
2,0 = 1 and h1,1 = 20. Let Ωij be
the (2,0)-holomorphic form and let gij⋆ be the fiducial Ricci flat Ka¨hler metric (i, j = 1, 2)
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that, for each Ka¨hler class, is guaranteed to exist by the Calabi-Yau condition c1(K3) = 0.
Furthermore let U
(α)
ij⋆ be a basis for the (1,1)-forms (α = 0, 1....., 19). A variation of the
reference metric which keeps it Ricci-flat is given by:
gµν −→ gµν + δgµν ; δgµν =

δgij
δgij⋆
δgi⋆j⋆
(2.27)
where δgij , δgij⋆ and δgi⋆j⋆ are harmonic tensors of the type specified by their indeces.
Hence we can immediately write:
δgij⋆ = cα U
(α)
ij⋆ (2.28)
where cα are 20 real coefficients. They parametrize the deformations of the Ka¨hler class.
On the other hand, using the holomorphic 2-form, any harmonic tensor with two antiholo-
morphic indeces ti⋆j⋆ can be written as the following linear combination:
ti⋆j⋆ = −d⋆α
1
||Ω||2 Ω
k
i⋆ U
α
kj⋆ (2.29)
where raising and lowering of the indeces is performed by means of the fiducial metric
and where d⋆α are constant complex coefficients. Since h
2,0 = 1 it follows that, of the 20
independent linear combinations appearing in (2.29), only one leads to an antisymmetric
ti⋆j⋆ ; all the other combinations produce a symmetric tensor ti⋆j⋆ . Hence we can choose a
basis of the (1,1)-harmonic forms such that:
Ωi⋆j⋆ = − 1||Ω||2 Ω
k
i⋆ U
0
kj⋆ (2.30a)
− 1||Ω||2 Ω
k
i⋆ U
a
kj⋆ = S
a
i⋆j⋆ = S
a
j⋆i⋆ (a = 1, ....., 19) (2.30b)
The 19 symmetric tensors Sai⋆j⋆ provide a basis for the expansion of the antiholomorphic
part of the metric deformation
δgi⋆j⋆ = da S
a
i⋆j⋆ (2.31)
The holomorphic part just is the complex conjugate and it is expanded along the complex
conjugate basis Saij : δgij = da S
a
ij . The 19 complex coefficients da parametrize the
complex structure deformations of the K3 manifold. Summarizing the 58 zero-modes of
the metric emerge from the following counting:
# metric zero−modes = h1,1 + 2 ( h1,1 − 1 ) (2.32)
This formula is just a consequence of h2,0 = 1 and it has a meaning also for non-compact
manifolds, like the instanton we consider later in this paper, as a counting of local de-
formations. For global deformations one has still to check if they can be reabsorbed by
diffeomorphisms.
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In string-theory, the metric is not the only background field. We have also the antisym-
metric axion Bµν , whose curl Hλµν is identified with the torsion Tλµν , as we are going
to see while discussing the σ-model formulation (see section 4). The zero-modes of the
field Bµν are counted in a similar way to the case of the metric. From the linearized field
equation around the reference background, one concludes that δBij , δBi⋆j⋆ and δBij⋆ must
be harmonic tensors. Because of the different symmetry of the indices, this time we have:
δBij = A Ωij (2.33a)
δBij⋆ = bα U
α
ij⋆ (2.33b)
where A is a complex parameter and bα are real parameters. Hence we have 22 axion
zero-modes that emerge from the following counting:
# axion zero−modes = h1,1 + 2 (2.34)
Altogether there are 58⊕ 22 = 80 = 4h1,1 zero modes of the field gµν + iBµν . In the next
subsection we see that this counting agrees with the counting of N=4 preserving marginal
operators in a (6, 6)4,4-theory.
The gravitino zero-modes are the zero-modes of the Rarita-Schwinger operator. Uti-
lizing the standard trick of writing spinors as differential forms we can relate the number
of these modes to the dimensions of the cohomology groups. Let
{Γi , Γj } = 0 ; {Γi⋆ , Γj⋆ } = 0
{Γi , Γj⋆ } = 2 gij⋆ (2.35)
be the Clifford algebra written in a well-adapted basis. A spin 3
2
field ψµ can be written
as follows:
ψi = ( ωi1 + ωij⋆Γ
j⋆ + ωij⋆k⋆ Γ
j⋆k⋆ )| ζ >
ψi⋆ = ( ωi⋆1 + ωi⋆j⋆Γ
j⋆ + ωi⋆j⋆k⋆ Γ
j⋆k⋆ )| ζ > (2.36)
where the spinor | ζ > satisfies the condition:
Γi⋆ | ζ > = Γi | ζ > = 0 (2.37)
The field ψµ is a zero mode if the coefficients ω.... in (2.36) are harmonic tensors. Hence
from ωi and ωi⋆ we get h
1,0 and h0,1 zero-modes respectively. From ωij⋆ and ωi⋆j⋆ we
obtain h1,1 + h1,1 zero-modes. Finally 2 h1,2 zero-modes arise from ωij⋆k⋆ and ωi⋆j⋆k⋆ .
In view of the symmetries of the Hodge diamond the total number of zero-modes for the
gravitino field is given by the formula
# gravitino zero−modes = 2 h1,1 + 4 h1,0 (2.38)
In the case of K3 the above number is 40.
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Finally, for the E6 neutral WZ multiplets, the fermion has two zero-modes of the same
chirality (in correspondence with H0,q), while the scalar has just the (trivial) zero-mode
corresponding to H0,0.
The (6, 6)4,4 theory and the moduli operators
A fundamental role is played by those fields of the N=4 theory that can be identified
with the abstract (1,1)-forms of the associated manifold [13,sec.VI.10]. The N=4 algebra
contains the stress-energy tensor , four supercurrents and three currents Ai that close an
SU(2)1 algebra. In a (4,4)-theory there is a realization of these operators both in the
left and in the right sector. The fields of the theory are organized in representations of
SU(2)L ⊗ SU(2)R. We denote by Φ
[h,h˜
J,J˜
]m,m˜
a primary conformal field with left and right
dimensions h, h˜ and isospins J, J˜ , and with third components m, m˜.
Consider for example the left sector. The SU(2)1can be bosonized in terms of a single free
boson τ(z):
A3 =
i√
2
∂τ ; A± = e±i
√
2τ (2.39)
The spectral flow of the N = 2 theories is extended to a “multiplets of spectral flows”:
Φ
[
h
J
]m
= eim
√
2τ Φˆ(h−m
2) (2.40)
where Φˆ(h−m
2) is a singlet of SU(2) of conformal weight h−m2.
For example a doublet of SU(2) ,Ψ
[
1/2
1/2
]
, made of an N = 2 chiral and an antichiral field of
weight 1/2, (note that the charge respect to the U(1) of the N = 2 contained in the N=4
is twice the third component of the isospin) in the NS sector is related by the spectral flow
(2.40) to an SU(2) singlet in the R sector:
Ψ
[
1/2
1/2
]± 1
2
= e
±i τ√
2Ψ
[
1/4
0
]
(2.41)
We use the convention of giving the same name to fields related by spectral flow, dist-
inghuishing them when necessary by their weight and isospin.
As explained in [13], the N=4 analogues of the (c, c) and (c, a) fields of weight ( 12 ,
1
2 ),
which play the role of “abstract” (1,1)- and (2,1)-forms in the (9, 9)2,2 theory, is given by
those primary fields of the (6, 6)4,4 CFT that are of the form
ΨA
[
1
2
, 1
2
1
2
, 1
2
]
(2.42)
and correspond to the lowest components in a short representation of the N=4 algebra. In
(2.42) the index A runs on h1,1 values. Focusing on the left sector a short representation
is made of the following set of fields
Ψ
[
1/2
1/2
]a
(z) , Φ
[
1
0
]
(z) , Π
[
1
0
]
(z)
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satisfying the OPEs
Ga(z)Ψb(w) = ǫ
abΦ(w)
z − w + reg.
Ga(z)Ψb(w) = δ
abΠ(w)
z − w + reg.
Ga(z)Φ(w) = Ga(z)Π(w) = 0
Ga(z)Φ(w) = 2ǫab∂
(
Ψb(w)
z − w
)
+ reg.
Ga(z)Π(w) = −2δab∂
(
Ψb(w)
z − w
)
+ reg.
(2.43)
where Ga(z),Ga(z), a=1,2 denote the supercurrents organized in two SU(2) doublets. The
fields Φ and Π have dimension 1 and, being the last components of an N=4 representation
(see the last two of the OPEs (2.43)), when added (in suitable combinations of the left
and right sectors) to the Lagrangian they don’t break its N=4 invariance. We call them
the “N=4 moduli”.
As already hinted, the fields ΨA
[ 1
2
, 1
2
1
2
, 1
2
]
represent the abstract (1,1)-forms on the manifold
described by the (6, 6)4,4 -theory.
As a first example of (6, 6)4,4 theory let’s briefly consider that associated with flat
space. The N=4 algebra (as an illustration we consider the left moving sector) is realized
by the stress-energy tensor
T (z) = −1
2
∂Xµ∂Xµ + ψµ∂ψµ (2.44a)
by the supercurrents
G0(z) =
√
2ψµ∂Xµ
Gx(z) =
√
2
(
Jˆ xψ
)µ
∂Xµ
(2.44b)
and by the SU(2) currents
Ai(z) = − i
2
ψµJˆ iµνψν = i(ψ0ψi +
1
2
ǫijkψjψk) (2.44c)
The three tensors Jˆ xµν are constant complex structures and satisfy the quaternionic algebra;
the role of their generalizations to any N=4 theory will be discussed at length in section
5. For the moment it suffices to know that they can be explicitely constructed, so that
from their expression (implicitely exhibited in eq.(2.44c)) we get
G1 =
√
2
{
ψ0∂X1 − ψ3∂X2 + ψ2∂X3 − ψ1∂X0}
G2 =
√
2
{
ψ3∂X1 + ψ0∂X2 − ψ1∂X3 − ψ2∂X0}
G3 =
√
2
{−ψ2∂X1 + ψ1∂X2 + ψ0∂X3 − ψ3∂X0}
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In the left sector we can find two short representations , given by
Ψ1
[
1/2
1/2
]
=
(
ψ0 + iψ3
ψ2 + iψ1
)
Ψ2
[
1/2
1/2
]
=
(
ψ2 − iψ1
−(ψ0 − iψ3)
) ; Φ1
[
1
0
]
= −∂X2 − i∂X1
; Φ2
[
1
0
]
= ∂X0 − i∂X3
; Π1
[
1
0
]
= −∂X0 − i∂X3
; Π2
[
1
0
]
= −∂X2 + i∂X1
(2.45a)
Two analogous ones exist in the right sector. Multiplying them in all possible ways we
obtain four abstract (1,1)-forms ΨA
[
1/2,1/2
1/2,1/2
]
. For instance we can set:
Ψ1
[
1
2
, 1
2
1
2
, 1
2
]
(z, z¯) = Ψ1
[
1
2
1
2
]
(z) Ψ1
[
1
2
1
2
]
(z¯)
Ψ2
[
1
2
, 1
2
1
2
, 1
2
]
(z, z¯) = Ψ1
[
1
2
1
2
]
(z) Ψ2
[
1
2
1
2
]
(z¯)
Ψ3
[
1
2
, 1
2
1
2
, 1
2
]
(z, z¯) = Ψ2
[
1
2
1
2
]
(z) Ψ1
[
1
2
1
2
]
(z¯)
Ψ4
[
1
2
, 1
2
1
2
, 1
2
]
(z, z¯) = Ψ2
[
1
2
1
2
]
(z) Ψ2
[
1
2
1
2
]
(z¯)
(2.45b)
This number of N = 4-moduli agrees with the Hodge diamond of flat space *
1
2 2
1 4 1
2 2
1
(2.46)
According to (2.46) we have also two holomorphic 1-forms and two antiholomorphic ones.
At the level of CFT they are represented by operators of the form ΨA
[ 1
2
,0
1
2
,0
]
and Ψ⋆A⋆
[0, 1
2
0, 1
2
]
,
respectively. The index A(A⋆) runs on 2=h1,0 ( h0,1 ) values. The explicit expression of
the two (0,1)-forms can be taken to be
Ψ⋆1⋆
[
0, 1
2
0, 1
2
]
= 1
[
0
0
]
(z)Ψ1
[
1
2
1
2
]
(z¯)
Ψ⋆2⋆
[
0, 1
2
0, 1
2
]
= 1
[
0
0
]
(z)Ψ2
[
1
2
1
2
]
(z¯)
(2.47)
The two (1,0)-forms have an analogous expression with the role of the left and right-moving
sectors interchanged.
Another interesting point is the identification of the spin fields with the spectral flows
of the identity operator and of the lowest component of the short representations (2.45).
* We refer by this to the Hodge diamond of the flat space compactified to a torus.
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This is a very important point because the spin fields appear in the fermion emission
vertices. If we are able to recast these vertices in an abstract (6, 6)4,4 language the extension
from flat space to an instanton background is guaranteed. The gravitino emission vertex,
for instance, that includes the proper gravitino and dilatino vertices, in flat space has the
following expression [13, page 2063]:
V αµ ( k, z, z¯ ) = e
1
2
φsg(z) Sα (z)∂¯X˜(z¯)e
ik·X(z,z¯)1
(
3/8 0
−3/2 0
)
(3.12a)
Vα˙µ ( k, z, z¯ ) = e
1
2
φsg(z) Sα˙ (z)∂¯X˜(z¯)eik·X(z,z¯)1
(
3/8 0
3/2 0
)
(3.12b)
the two formulae referring to the two possible chiralities. The last operator in the above
formulæis a spectral flow of the identity in the internal theory. In order to convert these
expressions to an abstract N=4 notation we need the interpretation of the operators Sα (z)
∂¯X˜(z¯) eik·X(z,z¯) and Sα˙ (z) ∂¯X˜(z¯) eik·X(z,z¯).
To this effect we note that P˜µ(z¯) = ∂ Xµ (z, z¯) is expressed by linear combinations of the
operators Π˜1
[
1
0
]
, Π˜2
[
1
0
]
, Φ˜1
[
1
0
]
and Φ˜2
[
1
0
]
, the right-sector counterparts of those appearing
in (2.45). It remains to consider the spin fields. The four free fermions can be bosonized
in terms of two free bosons as
ψ0 ± iψ3 = ±c± e±iϕ2
ψ2 ± iψ1 = ±c± e±iϕ1 (2.49)
where the signs and the cocycle factor(c± = e∓πp
1
) are arranged to reproduce the anticom-
mutation properties of the fermions. The SU(2) currents of eq.(2.44c) can be reexpressed
via eq.(2.49). In particular
A± = ±c± e±iϕ2e∓iϕ1
However, we can rephrase all the algebra in terms of the vertex operators e±iϕ1 , e±iϕ2 ,
eliminating the need of preserving anticommutation relations (these operators anticommute
with themselves and commute with each other). Then the SU(2) currents are simply given
by
A3 =
i
2
(∂ϕ2 − ∂ϕ1)
A± = e±iϕ2e∓iϕ1
(2.50)
Comparison with the standard bosonized form (2.39) is immediate. We get:
τ =
1√
2
(ϕ2 − ϕ1)
so that the spectral flow of eq.(2.40) is rewritten as
Φ
[
h
J
]m
= eim(ϕ2−ϕ1)Φˆ(h−m
2) (2.51)
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The fields Ψ1,Ψ2 of eq.(2.45), as doublets with respect to the currents (2.50) are given by
Ψ1 =
(
eiϕ2
eiϕ1
)
; Ψ2 =
(
e−iϕ1
e−iϕ2
)
(2.52)
We can single out the spectral flow and find their Ramond partners:
Ψ1
[
1/2
1/2
]
=
(
eiϕ2
eiϕ1
)
=
(
e
i
2
(ϕ2−ϕ1)
e−
i
2
(ϕ2−ϕ1)
)
e
i
2
(ϕ2+ϕ1) = spectral f low ·Ψ1
[
1/4
0
]
Ψ2
[
1/2
1/2
]
=
(
e−iϕ1
e−iϕ1
)
=
(
e
i
2
(ϕ2−ϕ1)
e−
i
2
(ϕ2−ϕ1)
)
e−
i
2
(ϕ2+ϕ1) = spectral f low ·Ψ2
[
1/4
0
]
Therefore we see that these R fields are just the two spin fields of positive chirality. Indeed,
once the fermions have been bosonized as in eq.(2.49), the spin fields, corresponding to
the weights of the SO(4) spinor (s) and antispinor (s¯) representations, are expressed as
follows
+chirality (srep) : S1 = e
i
2
ϕ2+
i
2
ϕ1
S2 = e−
i
2
ϕ2− i2ϕ1
−chirality (s¯rep) : S1˙ = e i2ϕ2− i2ϕ1
S2˙ = e−
i
2
ϕ2+
i
2
ϕ1
(2.53)
Finally note that the spin fields of negative chirality form a doublet under the SU(2)L and
are related through spectral flow to the identity operator:(
S1˙
S2˙
)[
1/4
1/2
]
=
(
e
i
2
(ϕ2−ϕ1)
e−
i
2
(ϕ2−ϕ1)
)
= spectral f low · 1
[
0
0
]
(2.54)
Comparing these results with equations (2.48) we see that, in flat space, the 8 gravitino
zero-modes of positive chirality are given by the left spectral flow of the abstract (1,1)-
forms (2.45b), while the 8 zero-modes of negative chirality are given by the left spectral
flow of the (0,1)-forms (2.47). In both cases, the right-moving part of the operator is SUSY-
transformed to the last multiplet-components. This is in perfect agreement with formula
(2.38 ) and with the Hodge diamond of flat space (2.46). In the case of the K3-manifold
only the positive chirality zero-modes are present, since the analogues of the (0,1)-forms
(2.47) do not exist (h1,0 = 0).
This general discussion suffices to illustrate the idea of the generalized h-map and of
the use of (6, 6)4,4 theories as a description of gravitational instantons backgrounds. In
Appendix A we give an exhaustive list of the emission vertices for for all particle zero-modes
in a generic (6, 6)4,4 case.
In the next section we begin the discussion of the instanton of [6] starting from the
effective supergravity Lagrangian.
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3. New Minimal N=1, D=4 Supergravity
and Asymptotically flat Dilaton-Axion Instantons
The low-energy effective lagrangian of heterotic superstring theory is a supergravity
lagrangian. If the superstring is compactified on a 6-dimensional Calabi-Yau manifold,
then this effective lagrangian corresponds to that of an N=1, D=4 supergravity [15] which,
when restricted to the bosonic fields, has the following well known general form:
L(N=1)Bosonic =
√−g
[
R − gIJ⋆ ∇µzI ∇µzJ
⋆ − 1
4
Refαβ(z)F
α
µν F
βµν − V (z, z¯)
]
−
− 1
8
Imfαβ(z) F
α
µν F
β
ρσ ε
µνρσ (3.1)
In (3.1), besides the gravitational field, described by the metric gµν , one has the gauge
fields Aαµ belonging to the Lie algebra of a suitable gauge group Ggauge and a set of
complex scalar fields zI corresponding to the bosonic content of the Wess-Zumino scalar
multiplets. The kinetic term of these scalars has a σ-model form in terms of a Ka¨hler
metric gIJ⋆ = ∂I∂J⋆G(z, z¯) . The real Ka¨hler function G(z, z¯), besides determining the
kinetic term, determines also the scalar potential term, via the celebrated formula [15,16]:
V (z, z¯) = 4
(
gIJ
⋆
∂IG ∂J⋆G − 3
)
eG − g2 [Refαβ]−1 Pα Pβ (3.2)
To be precise G(z, z¯) is not exactly the Ka¨hler potential of the metric gIJ⋆ , rather it is the
norm squared
G(z, z¯) = K(z, z¯) + ln|W (z)|2 = ln ||W (z)||2 (3.3)
of a holomorphic section W (z) in a line bundle L, whose first Chern class is the Ka¨hler
class ω = igIJ⋆dz
I ∧ dz¯J⋆ of that metric :
ω = ∂∂||W ||2 (3.4)
The holomorphic section W (z) is named the superpotential and the hermitean metric
K(z, z¯) of this line bundle is the proper Ka¨hler potential. In addition, if the gauge group
has a linear action δzI = (Tα)
I
J z
J on the scalar fields, then the contribution to the scalar
potential (3.2) proportional to the gauge coupling constant g2 is given in terms of Killing
vectors prepotentials of the form
Pα = − i ∂iG(Tα)IJ zJ (3.5)
When the action of the gauge group is non linear, then the expression of Pα is more
complicated, but we shall not be interested in this case. Finally, the gauge coupling
function fαβ(z) is some holomorphic function with adjoint⊗ adjoint indices of the gauge
group. In the case of Calabi-Yau compactifications [9] of the heterotic string the gauge
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group is E6⊗E8
′
and the scalar multiplets (all neutral under E8
′
) are of six different types
[17,18]:
zI =

S = dilaton− axion field
Ma = (2, 1)−moduli (a = 1, ......, h2,1)
Mi = (1, 1)−moduli (i = 1, ......, h1,1)
Ca = 27− charged fields (a = 1, ......, h2,1)
Ci = 27− charged fields (i = 1, ......, h1,1)
Yu = non−moduli singlets (u = 1, ......,#End(T ))
(3.6)
in correspondence with the cohomological properties of the internal space, dictated by
its Hodge numbers h1,1, h2,1 and by the number of deformations of its tangent bundle
#End(T ). Of particular relevance are the moduli-fields, that describe the deformations
of the compactified manifold, and their special Ka¨hler geometry. Indeed, to lowest order
in the charged fields and non-moduli singlets, the general forms of the complete Ka¨hler
potential and complete superpotential are respectively given by:
K = − log (S + S¯) + Kˆ(M,M) + Gab⋆(M,M) Ca Cb⋆
+ Gij⋆(M,M¯) Ci Cj
⋆
+ .... (3.7)
and
W =
1
3
Wabc(M) Ca Cb Cc + 1
3
Wijk(M) Ci Cj Ck + ................. (3.8)
where Kˆ(M,M) is the Ka¨hler potential of the moduli-space and Wabc(M),Wijk(M) are
the Yukawa couplings. These quantities are related by the peculiar identities of special
geometry.
Notwithstanding the importance of these fields, in the present paper, we are rather in-
terested in the first term of eq.(3.7), namely in the universal S-field that includes both the
dilaton and the axion. The structure of (3.7) implies that this field spans an SU(1, 1)/U(1)
coset manifold and that the total scalar manifold is the direct product of this coset with
some other Ka¨hler manifold K′ . That this is the case follows from very general consid-
erations we shall now review. Furthermore it is just the presence of S that allows for
the existence of instantonic solutions that are asymptotically flat and not only locally
asymptotically flat. To this effect we recall that according to a very interesting mechanism
discovered by Konishi et al [3], gravitational instantons might induce a non-perturbative
breakdown of supersymmetry via their contribution to the functional integral. An ex-
plicit calculation was in fact performed in [3], utilizing the Eguchi-Hanson metric [2]. The
problem is that, for a correct implementation of this mechanism, the instanton should be
asymptotically flat. This is not the case of the Eguchi-Hanson metric, for which asymptotic
flatness is local and not global. The problem of finding asymptotically flat gravitational
instantons was considered several years ago by D’Auria and Regge[7]. They realized that
in order to reconcile the self-duality of the curvature with asymptotic flatness one needs
an “unsoldering” of the principal Lorentz-bundle from the tangent bundle. This can be
achieved by writing gravity in first order formalism and coupling it to a pseudoscalar field,
whose derivative becomes the dual of the 3-index torsion. Indeed D’Auria and Regge pro-
posed a certain configuration that realizes the desired instanton and that is a solution of an
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ad hoc constructed lagrangian. As we are going to see, their configuration is just equivalent
to the dilaton-axion instanton discovered by Rey [8] to be an exact solution of the string
derived Supergravity lagrangian (3.1) with Ka¨hler potential (3.7). What D’Auria and
Regge missed in their action and had to simulate with an ad hoc interaction term was just
the dilaton. Indeed their pseudo-scalar was nothing else but the axion. In a certain limit
the dilaton-axion instanton corresponds to an exactly solvable (4,4) superconformal theory
that has been discovered by Callan [6]. In later sections of this paper we use this examples
and its associated (4,4)-theory to illustrate our ideas on the generalized h-map, studying
also the corresponding moduli deformations. In the present section we discuss the deriva-
tion of this instanton in the context of the effective low-energy lagrangian, enphasizing the
role of the New Minimal formulation of Supergravity.
The key point here is the observation that, indipendently from the compactification
scheme the effective supergravity lagrangian should contain the coupling of a linear mul-
tiplet (φ, χ, Bµν) that arises directly via dimensional reduction from the dilaton and Bµν
field of the ten dimensional effective theory. In four dimension, this multiplet can be trans-
formed into an ordinary WZ multiplet by a “duality transformation” relating the Bµν field
strength to an axion field:
∇µA = 1
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ǫµνρσ√|g| e−2φHνρσ (3.9)
As we just recalled in matter-coupled 4-dim supergravity the complex bosonic matter fields
are interpreted as the coordinates zI of a Ka¨hler manifold K. For a generic theory, and if
we derive the action from the Old Minimal off-shell formulation of supergravity [19], the
manifold K is arbitrary: we recall that the Old minimal formulation is characterized by
the presence of a scalar auxiliary field appearing in the SUSY-transformation rule of the
gravitino. On the other hand if we adopt the New Minimal formulation [20], characterized
by the absence of this scalar auxiliary field, then K cannot be arbitrary: it is constrained
by conditions that imply the existence of a coordinate frame where the the Ka¨hler function
has the following form
G = α log(z + z¯) + Gˆ(zi, z¯i
∗
) (3.10)
the indices being split as follows {zI} = {z, zi} and Gˆ(zi, z¯i∗) being an arbitrary Ka¨hler
function for the remaining scalar fields zi, once the special field z has been subtracted.
The parameter α is any real constant. In other words the existence of a New Minimal
Formulation requires a factorization (at least a local one) of the scalar manifold into:
Kscalar = SU(1, 1)
U(1)
⊗ K′ (3.11)
These results were derived in [21]. In the same paper, it was also shown that the conditions
for the existence of a New Minimal formulation are the same conditions that guarantee the
possibility of duality-rotating one of the WZ-multiplets to a linear multiplet (φ, χ, Bµν),
via equation (3.9).
In view of these very general results, it follows that a superstring derived supergravity,
since it includes a linear multiplet, has necessarily a Ka¨hler function of the form (3.10),
22
and admits a New Minimal formulation. The second statement is further supported by the
results of [22], showing that in heterotic string theory one cannot construct an emission
vertex for the scalar auxiliary field.
Having clarified this crucial point we proceed to discuss the derivation of the dilaton-
axion instanton in supergravities characterized by a scalar manifold of type (3.11). Using
the New-Minimal Lagrangian we retrieve as an exact solution the Callan et al configuration
[6], that is also of the same form as the one considered by D’Auria and Regge in [7].
Performing the generalized Weyl-transformation that maps the New into the Old Minimal
theory, the Callan instanton flows into the Rey instanton, characterized by an exactly flat
metric and a singular dilaton and axion.
Let us then go back to eq.(3.7) and concentrate on the Ka¨hler function G(S, S¯) =
− log(S + S¯). When we consider the theory in Minkowski spacetime the fields of the
dilaton multiplet
S = f + ig
S¯ = f − ig (3.12)
(f representing the original dilaton, g being the axionic field) span the factorized
SU(1, 1)/U(1) part of the scalar manifold, according to eq.(3.11). It turns out, how-
ever, that, while performing the Wick rotation to reach the Euclidean region, (due to the
ǫ symbol appearing in the duality transformation eq.(3.9)), it is also necessary to perform
a Wick rotation on the scalar manifold. Eq.(3.12) becomes
S = f + g
S¯ = f − g (3.13)
From now on we will consider the Euclidean case, since we search for an instantonic
solution. However, for convenience, we continue to use the same “complex” notation as
before the rotation.
Restricting our attention to the bosonic sector of the theory, in the New Minimal
formulation, according to the results of [21], the curvature two-forms *
Rab = dωab − ωacωcb
Ra = DV a
R⊗ = dA
(A being the Ka¨hler connection on the scalar manifold ) are parametrized as follows:
Rab = Rab cdV
cV d
R⊗ = FabV aV b
Ra = κ2ǫ
abcdtbVcVd (Dat
a = 0)
dzI = ZIaV
a
(3.14)
* Through all the paper, we omit the wedge symbol for the exterior product of forms
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the parameter κ2 being a free constant. The fields in this formulation are obtained from
those in the Old Minimal one through a Weyl transformation,
V anew = e
φ/2V aold → ZIanew = e−φ/2ZIaold (3.15a)
(for the bosonic fields).
In order for the transformation to be succesful, it is required that
φ = log ∂z¯G (3.15b)
where G(z, z¯) is given by equation (3.10). The auxiliary fields are then expressed as
tnewa = Im(∂Iφ Z
I
a) (3.16a)
Anew = Im dG− (2κ1 + 1)Im(∂Iφ ZIa) (3.16b)
κ1 is a constant appearing in the New Minimal parametrization of the fermionic curvatures
for whose expression we refer to [21]. One sees that having the dilatonic WZ multiplet in
the game, we are precisely in the situation of eq.(3.10) with α = −1, z = S. Hence in the
case of the superstring effective lagrangian we obtain the identification
φ = log
1
S + S¯
= log
1
2f
(3.17)
The first order formulation of the bosonic New Minimal lagrangian is given by
L =e−φ
{
RabV cV dǫabcd + 4κ2taRbV
aV b + (∂Iφ Z
I
a + ∂I∗φ Z
I∗
a )RbVcVdǫ
abcd+
+ (
2
3
gIJ∗ − ∂Iφ ∂J∗φ)
[
ZIadz
J∗ + ZJ
∗
a dz
I
]
VbVcVdǫ
abcd+
−
[
∂Iφ ∂Jφ Z
I
adz
J + ∂I∗φ ∂J∗φ Z
i∗
a dz
j∗
]
VbVcVdǫ
abcd+
+
[
−1
4
(
2
3
gIJ∗ − ∂Iφ ∂J∗φ)ZIrZJ
∗r +
1
8
(
∂Iφ ∂Jφ Z
I
rZ
Jr
+ ∂I∗φ ∂J∗φ Z
I∗
r Z
J∗r)+ 1
2
κ22 trt
r −M
]
V aV bV cV dǫabcd
}
(3.18)
where the scalar potential takes the new formM=−23 e¯2
(
3+α−gij∗∂iGˆ ∂j∗Gˆ
)· eGˆ(z + z¯)α,
to be compared with eq.(3.2)
Recalling that in 2nd order formalism
RabV cV dǫabcd =
1
2
R
√
|g|d4x
where R is the curvature scalar, and comparing the lagrangian in eq.(3.18) with the effec-
tive action used by Callan et al.[6],
S =
1
2
∫ √
|g|d4xe2Φ (R+ ...)
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we have the correspondence
φ = −2Φ (3.19)
We can consistently search for a particular solution in which only the dilaton and the axion
field are relevant, setting the other fields zi to constant values ci such that
∂iM(c
i) = 0 ; M(ci) = 0 (3.20)
We furthermore impose the radial ansatz
V a = e−λ(r)ea (r2 = xaxa)
S = S(r) i.e. f = f(r), g = g(r)
(3.21)
Recalling that
gSS¯ =
1
(S + S¯)2
=
1
4f2
and using as flat vierbeins the following ones{
e0 = dr
ei = −(r/√2)Ωi
with Ωi=SU(2)-Maurer-Cartan forms such that dΩi = −(ǫijk /√2)Ωj Ωk , the variational
equations obtained from the lagrangian (3.18) read:
• Matter equations (g−, f−variations respectively)
g”
f
− 2λ′ g
′
f
+
3
r
g′
f
− g
′
f
f ′
f
= 0 (3.22a)
− 12λ” + 12(λ′)2 − 36λ
′
r
+
[
f”
f
− 2λ′ f
′
f
+
3
r
f ′
f
− 1
2
(
f ′
f
)2]
+
(
g′
f
)2
= 0 (3.22b)
• Einstein equations (V d−variation)
8λ”− 4(λ′)2 + 16λ
′
r
− 4λ′ f
′
f
− 8
r
f ′
f
+ 2
(
f ′
f
)2
+
(
g′
f
)2
= 0 (3.22c)
− 12(λ′)2 + 24λ
′
r
+ 12λ′
f ′
f
− 12
r
f ′
f
− 2
(
f ′
f
)2
−
(
g′
f
)2
= 0 (3.22d)
primes meaning derivatives with respect to r. One sees that under the position λ′ =
1
2
(f ′/f) the Einstein equations reduce to a single expression, (f ′/f)2− (g′/f)2 = 0, requir-
ing
f ′ = ±g′ (3.23)
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Inserting the above conditions into the matter equations, the following solution is obtained:
λ = log
 r/R0√
1 + (r/R1)
2
 ; f = 1
c
(r/R0)
2
1 + (r/R1)
2 (3.24)
where c, R0, R1 are arbitrary constant,which clearly reproduces the metric configuration
of the one-instanton solution of Callan et al.[6]. For the choice c = 2 we have indeed
V a = e−Φea
e−2Φ = e−2λ =
1
2f
=
(
R0
R1
)
+
(
R20
r2
)
(3.25)
which gives the correspondence(
R0
R1
)2
= e−2Φ0 ; R20 = n (3.26)
The configurations leading to the SU(2)×R model, associated with a solvable (4,4)-
theory is obtained in the limit R1 −→ ∞.
For example in this last case it’s easily checked that also the expression for the torsion
agrees: making formula (3.16a) explicit we find
ta =
1
2
1
S + S¯
(
∂aS − ∂aS¯
)
=
1
S + S¯
∂ag =
∂ag
2f
and inserting this in the relation (3.23), we get ta = 12∂a log f , that is
ti = 0
t0 =
1
2
V r0 (log f)
′ = eΦ(log f)′ =
r√
n
1
r
=
1√
n
From the parametrization (3.14) we obtain thus
T 0 = 0
T i = κ2
ǫijk√
n
V jV k
(3.27)
which agrees with the expression of the torsion for this particular solution, as obtained by
Callan et al.,with the choice κ2 = 1.
It is then clear that the configuration
ds2 = e−2Φ(dx)2
e−2Φ = A+
2k
r2
↔
V a = e−Φea
Φ = log (A+
2k
r2
)−
1
2
(3.28)
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Habc =
1
3
ǫabcd∂dΦ
is an exact euclidean solution of the effective superstring lagrangian in the New-Minimal
formulation. When transformed back to the Old-Minimal formulation, by means of eq.s
(3.15), this configuration becomes the dilaton-axion instanton found by Rey [8]. This is
obvious from the fact that the metric in the Old-Minimal formulation becomes the flat
one.
4. The rheonomic description of σ-models
with dilaton and axion coupling
As we explained in the introduction, our basic goal is the study of gravitational in-
stanton configurations that correspond to exact solutions of heterotic string theory, com-
pactified on Calabi-Yau manifolds. An example of such a configuration that is an exact
solution of the effective low-energy lagrangian was discussed in the previous section: its
basic feature is the role played by the dilaton and axion fields.
We are now more demanding and we look for configurations that are exact solutions
of string theory. These configurations correspond to suitable c=6 superconformal field-
theories that describe the 4-dimensional space and that can be adjoined to the other two
conformal theories describing, respectively, the internal space and the gauge degrees of
freedom, namely a c=9 (2,2)-theory and the c=11 right-moving current algebra of SO(6)⊗
E8. This happens because of the generalized h-map, discussed in section 2. Furthermore,
as the characterizing feature of the internal theory is that of being of type (2,2), the
characterizing feature of the instanton theory is that of being of type (4,4). This general
result follows from the SU(2)-holonomy of the instanton as discussed in section 2. In the
sequel the relation between the self-duality of the curvature for the torsionful connection
and the number four of world-sheet supersymmetries will be analysed in more detail.
In any case, although a solution to order O(α
′
) of the equations of motion is not
usually an all order solution, the lesson taught by the example of the previous section is
that the dilaton and axion background fields are an essential part of a stringy gravita-
tional instanton. Therefore, in order to discuss the superconformal field theory associated
with instanton geometries, we need to discuss the formulation of σ-models with dilaton
and axion coupling. To this effect we utilize the rheonomy framework [13]. In the first
part of this section we consider the bosonic σ-model, in the second part we extend the
construction to locally supersymmetric σ-models of (1,1) type. Our results correspond to
the generalization, with dilaton coupling, of the construction presented in [23]. Freezing
the two-dimensional gravitinos one obtains the σ-model action with global (1,1) supersym-
metry, that can be utilized to discuss the structure of the corresponding superconformal
theory. The local construction, however, is essential to obtain the stress-energy tensor and
the two supercurrents (left and right-moving). In the type II version of string theory, these
supercurrents are coupled to the worldsheet gravitinos. After the h-map to the heterotic
string, only the left-moving current corresponds to a local world-sheet symmetry. The
right-moving supersymmetry ceases to be local and its role is the same for X-space as it is
for the internal compactified space, namely it relates emission vertices of different particle
27
modes. In the internal space this leads to remarkable consequences, in particular to the
pairing between moduli fields and charged fields and to the special Ka¨hler geometry of
the moduli space. In subsequent sections we will discuss the analogue consequences for
X-space.
After having established the formalism for (1,1) σ-models we shall consider the con-
ditions under which the global supersymmetry of the same model is accidentally extended
to larger N . In particular we shall consider the conditions for (4,4) global SUSY. This
will be done in section 5 and, as we are going to see, in d=4 this provides the link with
instanton geometry.
The Bosonic σ-model
In corrispondence with a solution of the equations of motion derived from the effective
bosonic lagrangian:
Leff = e−2Φ(R− 4DµΦDµΦ+ ...)
that contains the metric Gµν (i.e. equivalently the vielbeins V
a), the three form H and the
dilaton Φ, we write the action for the correspondent bosonic σ-model utilizing a geometric
first order formalism:
1
4π
∫
∂M
V a(Πa+e
+ − Πa−e−) + Πa+Πa−e+e− − 2ΦR(2) + p+T+ + p−T−+
+
1
4π
∫
M
HabcV
aV bV c
(4.1)
Once rewritten in the 2ndorder formalism, this action takes more familiar form
S =
−1
4π
∫
∂M
dzdz¯
[
Gµν(X)∂X
µ∂¯Xν +Bµν(X)∂X
µ∂¯Xν
]
(4.2)
where ds2 = GµνdX
µ ⊗ dXν = V a ⊗ V a is the target space line element and the antisym-
metric tensor Bµν is such that H = 2dB.
Note that when the action is written as in eq.(4.2) it keeps no tracks of the dilaton which
contributes only to the classical stress-energy tensor of the model. This contribution is
obtained in a simple way in the 1storder formulation. In a similar way, when we consider
the supersymmetric extensions of the above model, the contributions of the dilaton to the
supercurrents are also easily retrieved from the 1st order formulation.
Let’s briefly explain the somewhat unusual notations and the meaning of the quantities
appearing in eq.(4.1)[13,23]. In particular e+ and e− are the vielbein on the world-sheet
∂M, whose geometry is described by the structure equations
de+ − ω(2)e+ = T+
de− + ω(2)e− = T−
dω(2) = R(2)
(4.3)
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ω(2), T±, R(2) are the two-dimensional spin connection, torsion and curvature respectively.
Classical conformal invariance of the model allows the choice of the “special conformal
gauge”:
e+ = dz ; e− = dz¯ ; ω(2) = R(2) = 0 (4.4)
where z=x0 + x1 and z¯=x0 − x1. This is the choice we have used to obtain the 2nd order
form of the action (2). More specifically “after variation” we can use eq.(4.4). Πa±, p± are
“1storder fields”: they can be reexpressed in terms of the usual dynamical fields upon use
of the equations obtained by varying in Πa±, p±, ω
(2).
Varying in Πa± : Π
a
± = V
a
±
Varying in ω(2) : p± = ∓2∂±Φ = ∓2∂aΦV a±
Varying in p± : T+ = T− = 0
(4.5)
In the present formalism, the general recipe to obtain the components of the stress-energy
tensor is to vary the action with respect to the w.s. vielbiein, defining
δS =
−1
2π
∫
T+ δe+ + T− δe− (4.6)
and to consider the expansion T+ = T++e++ T+−e− (and the analogous one for T−). The
conformal invariance of the model implies that T+− = T−+ = 0 and one defines the usual
holomorphic and antiholomorphic part of the stress-energy tensor to be
T (z) = T++ ; T˜ (z¯) = T−− (4.7)
For the model described by the action (4,1) varying, for example, in e+, we obtain:
δS =
−1
2π
(
−1
2
)∫
(V aΠa+ − Πa+Πa−e−)δe+ + p+dδe+
Substituting eqs.(4.5), we obtain:
T (z) = T++ = −1
2
V az V
a
z − ∂∂Φ (4.8)
In view of our specific interest in the instanton configuration of eq.(3.28), let us con-
sider the above σ-model in the case where d=4 and the metric, dilaton and axion fields
are chosen as follows:
ds2 = e−2Φ(dx)2
e−2Φ =
2k
r2
↔
V a = e−Φea
Φ = log
r√
2k
(4.9)
Φ = Habc =
1
3
ǫabcd∂dΦ
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The above eq.s correspond to the limit A = 0 of (3.28). In this limit the manifold has the
curious and somewhat unwanted topology of R⊗ SU(2), which is not asymptotically flat.
Asymptotic flatness is instead ensured when A is non vanishing. Yet as we are going to
see at A = 0 the corresponding σ-model defines a solvable conformal and superconformal
field-theory. Hence this limit is quite worth to be considered. In (4.9) {ea} is a set of
vielbein for the flat 4-dimensional space, r being a radial coordinate and the remaining 3
coordinates being the coordinates of a 3-sphere. Indeed we choose to write the flat metric
as follows
dx2 = dr2 +
r2
2
Ωi ⊗ Ωi
where Ωi are the Maurer-Cartan forms of SU(2) which satisfy the equations
dΩi = − ǫ
ijk
√
2
Ωj Ωk
so that 1
2
Ωi ⊗ Ωi is the metric on the three-sphere of unit radius. The metric of the
configuration (4.9) becomes
ds2 = 2k
dr2
r2
+ kΩi ⊗ Ωi (4.10)
Redefining the radial coordinate as follows: t =
√
2k log (r/
√
2k) we obtain:
ds2 = dt2 + kΩi ⊗ Ωi (4.11)
(showing that the singularity in (4.10) is a coordinate artifact), while the dilaton is linear
in the coordinate t:
Φ =
t√
2k
(4.12)
In correspondence with eq.(4.11) we choose the vielbeins as follows:
V 0 = dt
dV i = −
√
kΩi
(4.13)
The only non-zero components of H in the Maurer-Cartan basis {Ωi} turn out to be
Hijk =
1
3
ǫijk (−
√
k)3
∂Φ
∂t
= −k
3
ǫijk√
2
(4.13)
(note that, with our choice of Maurer-Cartan forms ,
√
2ǫijk are just the structure con-
stants of SU(2) ).
The σ-model action corrisponding to the configuration we have described is S = St+SWZW
where
St =
1
4π
∫
∂M
dt (Π+e
+ −Π−e−) + Π+Π−e+e− −
√
2
k
tR(2) + p+T
+ + p−T−
SWZW =
1
4π
∫
∂M
−
√
kΩi (Πi+e
+ − Πi−e−) + Πi+Πi−e+e− −
1
3
k
4π
∫
M
ǫijk√
2
Ωi Ωj Ωk
(4.14)
30
Once rewritten in 2nd order formalism, these two actions take the simpler form
St =
−1
4π
∫
∂M
dzdz¯ ∂t∂¯t
SWZW =
−k
4π
∫
∂M
dzdz¯ Ωi+Ω
i− − 1
3
k
4π
∫
M
ǫijk√
2
Ωi Ωj Ωk
(4.15)
SWZW is the correct expression for the action of the WZW model realized at level k, and
corresponds to a CFT of central charge
cWZW =
3k
k + 2
(4.16)
The field ϕ = −it is a free scalar boson with background charge Qbk = −i
√
2
k . Indeed from
the action (4.14), using the general recipe provided by eq. (4.8), we obtain the following
stress-energy tensor:
Tt(z) = −1
2
(∂t)2 − 1√
2k
∂∂t (4.17)
which corresponds to a central charge
ct = 1 +
6
k
(4.18)
This follows from the general formula
c = 1 − 3Q2bk (4.19)
substituting the value of the background charge.
As one sees the σ-model on the configuration (4.9) is exactly conformal invariant at
the quantum level and leads to a solvable conformal field theory: namely a tensor product
of a Feigin-Fuchs model with a WZW-model (see ref.s [24,25,26] ). This is the reason why
we are particularly interested in this specific instanton that provides a good toy-model.
Actually, in order to discuss superstring theory, we rather need the supersymmetric
version of the just described σ-model . Strictly speaking, heterotic string theory would
require a (1,0) supersymmetrization; however, in view of the h-map, we can go one step
beyond and consider the case of (1,1) local supersymmetry. Therefore we recall now some
essential features of the geometrical formulation of (1,1) supersymmetric σ-model [23] and
we include dilaton contributions.
The (1,1) locally supersymmetric σ-model
One realizes a classical superconformal invariant theory in terms of fields living on a
super-world-sheet with two fermionic coordinates θ and θ¯ besides the two bosonic ones z
and z¯. The cotangent basis on the super world-sheet(the “supervielbein”) is given by the
already introduced 1-forms e+, e− and two bidimensional gravitinos ζ, χ.
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The structure equations (4.3) are enlarged by the appearence of two fermionic torsion
2-forms:
T • = dζ − 1
2
ω(2)ζ
T ◦ = dχ+
1
2
ω(2)χ
(4.20)
The “curvatures” T+, T−, T •, T ◦, R(2) must satisfy the Bianchi identities obtained by
exterior differentiation of eqs.(4.3) and (4.20). This imposes a certain form for their
parametrization, whose most relevant part is:
T+ =
i
2
ζζ
T− = − i
2
χχ
(4.21)
The superconformal invariance of this construction allows for the choice of a “special
superconformal gauge” where
e+ = dz +
i
2
θdθ ; e− = dz¯ +
i
2
θ¯dθ¯
ζ = dθ ; χ = dθ¯
(4.22)
This is the choice we always use in 2nd order formalism (see discussion after eq.(4.4)).
We describe superstring propagation on an arbitrary target manifold Mtarget by means
of an embedding function Xµ(z, z¯, θ, θ¯) mapping the super world-sheet into Mtarget. We
consider the quantities defining the geometry of Mtarget, such as its vielbeins and spin-
connection, as superfield on the super world-sheet, and thus they can be expanded on the
cotangent basis of this latter. In particular we set
V a = V a+e
+ + V a−e
− + λaζ + µaχ (4.23)
Also the torsion and curvature 2-forms ofMtarget can be expanded in the various “sectors”
on the super world-sheet. For example, the torsion, defined by:
dV a + ωabV b = T a = T abcV bV c (4.24a)
yields
e+e− : −∇−V a+ +∇+V a− − 2T abcV b+V c− = 0
. . . . . . . . . . . . . . . . . . .
(4.24b)
(relations that we are always free to use because they are just the “pull-back” of the original
definitions).
The key point are the Bianchi identities of Mtarget which become differential equations
for V a as a super-wordlsheet function; that is, they determine the eqs. of motion for
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V a+ , V
a
−, λ
a, µa [23]. The B.I. for the torsion of Mtarget is ∇T a = ∇2V a = RabV b or,
explicitly
∇2V a+ = RabV b+ (4.25.a)
∇2V a− = RabV b− (4.25.b)
∇2λa = Rabλb (4.25.c)
∇2µa = Rabµb (4.25.d)
Each of these equations can be analized in its various sectors. In particular the λa field
equation, setting ∇oλa = 0, constraint compatible with the Bianchi identity:
− i
2
∇−λa = −Rabcdλbµcµd (4.26a)
is retrieved in the χχ sector of eq.(4.25.c) and the µa field equation
i
2
(∇+µa + 2T abcµbV c+) = −Rabcdµbλcλd (4.26b)
is retrieved in the ζζ sector of eq.(4.25d). Bianchi identities for the curvature Rab do not
give any new information.
Next one tries to write down an action defined on super world-sheet from which
both the definitions (4.24) and the field equations follow as variational equations. To this
purpose one starts writing down the most general geometrical action defined on the super
world-sheet which respects invariance under Weyl rescalings and two-dimensional Lorentz
transformations, with undetermined coefficients; these latter are fixed by comparing the
variational equations with parametrizations (4.24) and field equations.
It turns out that the projections of the variational equations in δλa and δµa is sufficient
to fix all the coefficients. The super world-sheet action takes then the form
S =
1
4π
∫
∂M
(V a − λaζ − µaχ)(Πa+e+ − Πa−e−) + Πa+Πa−e+e− + 2iλa
−
∇λae++
+ 2iµa
+
∇µae− + λaV aζ − µaV aχ− λaµaζχ+ 4
3
iTabcλ
aλbλcζe+−
− 4
3
iTabcµ
aµbµcχe− + 4Rabcdλaλbµcµde+e−+
− 2ΦR(2) + p+T+ + p−T− + p•T • + p◦T ◦ + 1
4π
∫
M
H
(4.27)
The variation in δXµ, restricted to the sectors ζζ, χχ, where it really corresponds to a
supersymmetry variation, fixes
Tabc = −3Habc (4.28)
justifying our assumption that Tabc is completely antisymmetric in its indices.
The action (4.26) is a geometrical one on the super world-sheet, and is therefore invariant
against super-world-sheet diffeomorphisms. Its expression is however uniquely determined
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by its “bosonic” section ζ = χ = 0, due to the fact that the components of the curvatures
along the “fermionic” directions are expressed by eqs.(4.24) in terms of those along the
“bosonic” (or “inner”) ones. This property is called “rheonomy”. One can forget, if he
wants to, about the super world-sheet and then the would-be diffeomorphisms in fermionic
directions appear as supersymmetry transformations. For ζ = χ = 0 the action reduces to
S =
1
4π
∫
∂M
V a(Πa+e
+ −Πa−e−) + Πa+Πa−e+e− + 2iλa
−
∇λae++
+ 2iµa
+
∇µae− + 4Rabcdλaλbµcµde+e−+
− 2ΦR(2) + p+T+ + p−T− + 1
4π
∫
M
H
(4.29)
The above action possesses a global (1,1) supersymmetry that is the remainder of the local
one present when the gravitino fields are switched on. In the next section we recall how, for
suitable target manifolds, this global (1,1) SUSY extends to a global (4,4) supersymmetry.
From the complete form (4.26) of the action, one can derive the super-stress-energy
tensor (i.e. the stress-energy tensor and the supercurrent) extending eq.(4.6) to
δS =
−1
2π
∫
T+ δe+ + T− δe− + T• δζ + T◦ δχ (4.30)
Superconformal invariance requires
T+− = T−+ = T•− = T−• = T◦+ = T+◦ = 0
T+• = 1
2
T•+ ; T−◦ = −1
2
T◦−
(4.31)
The surviving four independent components define the classical holomorphic and antiholo-
morphic parts of stress-energy tensor and supercurrent:
T (z) = T++
G(z) = 2
√
2e−i
π
4 T+•
;
T˜ (z¯) = T−−
G˜(z¯) = 2
√
2e−
3iπ
4 T−◦
(4.32)
In the action (4.26) or (4.28) two different covariant derivatives appear,
+
∇ and
−
∇ , con-
structed with the two spin-connections ω±, defined as
ω−ab = ω
R
ab − TabcV c
ω+ab = ω
R
ab + TabcV
c = ω−ab + 2TabcV
c
(4.33)
where ωRab is the Riemannian connection, i.e. is such that dV
a+ωRabV
b = 0. The connection
appearing in eq.(4.23) (the one for which the torsion is T a) is ωab = ω
−
ab. These connections
play an important role in the sequel.
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5. Extended global supersymmetry
of the σ-model and classical supercurrents
In the first part of this section we review the conditions for the existence of additional
global supersymmetries in the (1,1)-locally supersymmetric σ-model [27].
In the second part we discuss the specific conditions for (4,4) supersymmetry: they
imply a very particular structure of the target manifold that corresponds to a generalization
with torsion of HyperKa¨hler geometry. This structure implies self-duality and antiself-
duality, respectively, for the two curvatures R(ω−) and R(ω+) and, as such, it is the
proper geometry for an instanton with torsion.
Finally in the third part we show how to construct the classical supercurrents gener-
ating these additional supersymmetries.
Complex structures and extended SUSY
To discuss the additional supersymmetries, we formally introduce new fermionic di-
rections of the super world-sheet, adding to the cotangent basis new “gravitinos” ζx and
χx so that the parametrization (4.21) is extended to
T+ =
i
2
(ζζ + ζxζx)
T− = − i
2
(χχ+ χxχx)
(5.1)
while the embedding of the extended super world-sheet inMtarget is described by expand-
ing the target-space vielbeins as follows:
V a = V a+e
+ + V a−e
− + λaζ +
−
J xabλbζx + µaχ+
+
J xabµbχx (5.2)
(Note that the new terms do not introduce any new dynamical quantities).
Consistency with the torsion definition and implementation of the Bianchi Identities leads
to constraints on the tensors
±
J xab , and therefore to a characterization of Mtarget.
The torsion definition (4.24a):
−
∇V a = TabcV bV c can now be expanded in many sectors
*. Using the sectors
ζζ :
i
2
V a+ +∇•λa + Tabcλbλc = 0
ζζx : ∇•(J xabλb) +∇x•λa + 2TabcλbJ xcrλr = 0
ζxζy : iV a+δ
xy +∇x•(J yabλb) +∇y•(J xabλb) + 2TabcJ xbrJ ycsλrλs = 0
(5.3)
by looking at terms containing V a+ , one finds:
* From now on we drop in all calculations the superscript − for
−
J x ,
−
∇ etc.
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for x = y
J xabJ xbr = −δar i.e. (J x)2 = −1 (5.4a)
for x 6= y
{J x , J y }ar = 0 (5.4b)
It follows that the J x form a representation of the Clifford algebra. From the remaining
terms in these equations, after some manipulations, one gets :
for x = y, the condition that the usual Nijenhuis tensor relative to each J x should vanish:
Nabn(J x,J x) =
R∇mJ xa[b J xmn] + J xam
R∇ [bJ xmn] = 0 (5.5)
and for x 6= y analogous non-diagonal Nijenhuis conditions [27].
From sectors χχ, χχx, χxχy the same relations for
+
J x are retrieved:
(
+
J x )2 = −1 ; {
+
J x ,
+
J y } = 0
Nabc(
+
J x ,
+
J y ) = 0
(5.6)
Starting from the sector
ζxχy : ∇x•(
+
J yabµ
b) +∇y◦(J xabλb) + 2TabcJ xbrλr
+
J ycsµs = 0
and substituting the relations that follows from the other sectors ζχx, χζ ,ζχ by considering
the terms that contain ∇•µa we come to the conclusion that the two set of tensors should
commute:
[J x , +J y ] = 0 (5.7)
Now we can also consider the various sectors of the torsion Bianchi identities. In particular
from eq.(4.25.c) in the sector ζxζx:
i
2
∇+µa +∇x•∇x•µa = −RabcdJ xcrJ xdsλrλsµb
looking at the terms involving V r+ and using the field equation (4.26a) one ends with
∇mJ xab = 0 (5.8)
while the other terms impose the condition:
R = J xTRJ x
Rab = RabcdV
cV d being the curvature two-form. This coincides with the integrability
condition for eq.(5.8), namely
[R, J x ] = 0 (5.9)
if
J xT = −J x (5.10)
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which is just the hermiticity condition expressed in tangent indices.
Considering the sector χxχx of eq.(4.26.d) and analizing terms proportional to V a− one sees
that the torsion terms are such that the analogue of eq.(5.8) is given by:
+
∇m
+
J xab = 0 (5.11)
At the same time in order for the other terms to reproduce the integrability condition
[
+
R ,
+
J x ] = 0 (5.12)
(where
+
Rab is the curvature 2-form of the connection ω
+
ab) the hermiticity condition
+
J x
T
= − +J x (5.13)
must be verified.
Summarizing: The condition to have (N,N) supersymmetries is the existence of two
sets of N−1 complex structures on the target space (whose Nijenhuis tensors vanish), each
set realizing a representation of the Clifford algebra, and the two sets commuting with each
other. One of the two sets, namely
−
J x , must be covariantly constant with respect to the
connection ω−, while the other one,
+
J x is covariantly constant with respect to ω+. The
target space metric should be hermitean with respect to all complex structures.
(4, 4) SUSY and generalized HyperKa¨hler Manifolds
Consider the case of exactly 3+3 additional supersymmetries. It is easy to see that if
J 1 and J 2 are two complex structures satisfying the above requirements then J 3 = J 1J 2
is another one. Due to the Clifford algebra requirement the set J x closes a quaternionic
algebra:
J xJ y = −δxy + ǫxyzJ z (5.14)
The same holds true for
+
J x .
In the case of zero torsion, a manifold Mtarget with three covariantly constant complex
structures that realize a quaternionic algebra, and respect to which the metric is hermitean
is said to be a HyperKa¨hler manifold. Indeed onMtarget there exixt three globally defined
2-forms Ωx = J xabV aV b which are closed: dΩx = 0. The role of these forms is the
generalization of that played for a Ka¨hler space by the Ka¨hler form Ω = JabV aV b.
Choosing a well-adapted basis of vielbeins one can show that the holonomy group
Hol(HKm) of a HyperKa¨hler space HKm with dimension 4m is contained in Sp(2m) [28].
In particular a four-dimensional HyperKa¨hler space has a holonomy group contained in
SU(2) : the curvature 2-form is selfdual or antiselfdual. Note that this is the requirement
a manifold must satisfy in order to be a gravitational instanton.
Let us what happens when we introduce torsion in the game.
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Recall that the J x and +J x complex structures with both indices lowered are antysym-
metric matrices.
In 4-dimensions we can construct a basis for 4 × 4 antisymmetric matrices made by the
following two sets of three constant matrices, respectively named Jˆ x and J˜ x (x = 1, 2, 3)*:
Jˆ xab = −(δa0δbx − δb0δax + ǫxab )
J˜ xab = (δa0δbx − δb0δax − ǫxab )
(5.15)
that is
Jˆ 1 =
(
0 iσ2
iσ2 0
)
; Jˆ 2 =
(
0 1
−1 0
)
; Jˆ 3 =
(−iσ2 0
0 iσ2
)
J˜ 1 =
(
0 −σ1
σ1 0
)
; J˜ 2 =
(
0 σ3
−σ3 0
)
; J˜ 3 =
(−iσ2 0
0 −iσ2
)
(5.16)
These matrices have the following properties:
• each set Jˆ x, J˜ x gives a representation of quaternionic algebra (5.14)
• they are selfdual (resp anti-selfdual):
Jˆ xab =
1
2
ǫabcd Jˆ xcd ↔ ǫijk Jˆ k0= − Jˆ xij
J˜ xab = −
1
2
ǫabcd J˜ xcd ↔ ǫijk J˜ k0=J˜ xij
(5.17)
• all the Jˆ x commute with all the J˜ x.
On a 4-manifold with (4,4) extended SUSY, we have two sets of complex structures, J x
and
+
J x , that are covariantly constant under the connection ω− = ωR−T and ω+ = ωR+T ,
respectively, different for non-zero torsion, so that J x and +J x cannot coincide. A priori
the matrices of both these sets can be expanded along the basis given by Jˆ x, J˜ x:
J x = sxyJˆ y + axyJ˜ y
+
J x = sx+yJˆ y + ax+yJ˜ y
(5.18)
For all the coefficients in the expansion (5.18) there are two possibilities: they can be zero
or, in order for the J x and +J x to satisfy the quaternionic algebra, must be such that
sxps
y
p = δ
xy (5.19)
ǫxyz szt = ǫ
pqt sxps
y
q (5.20)
The same conditions hold for axy, s
x
+y, a
x
+y. Relations (5.19-20) mean that each of these
3× 3 matrices is orthogonal, namely they belong to the adjoint representation of SO(3).
* ǫ symbol vanishes on the index 0
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We can use a vector notation ~sx (~sx+) for the rows of the matrix s
x
y (s
x
+y); if they are non
zero, these vectors constitute an orthonormal basis in three-dimensional space.
Let us then consider the consequences of the fact that all the J x must commute with all
the
+
J x . Using the expansion (5.18) this means that
~sx ∧ ~sy+ = 0 ; ~ax ∧ ~ay+ = 0 ∀x, y (5.21)
(here the symbol ∧ denotes the usual exterior product of three-dimensional vectors). We
can expand the ~sy+ in the basis {~sx}:
~sy+ = c
y
p~s
p
Suppose now that the ~sx are different from zero. Then the condition (5.21), upon use of
eq.(5.20), states that
cyp~s
x ∧ ~sp = ǫxpq cyp~sq = 0
implying cyp = 0, that is ~s
y
+ = 0.
If the ~ax were non-zero, then an analogous argument would constrain the ~ay+ to vanish as
well; then the
+
J x would just be zero, which cannot be. The only allowed situation is the
following
J x = sxyJˆ y
+
J x = ax+yJ˜ y
(5.22)
that is, the J x are selfdual while the +J x antiselfdual (or viceversa).
Consider the curvature 2-form Rab relative to the connection ω−ab. Let R be the matrix of
components Rab. It is an antisymmetric matrix and as such it can be expanded as follows:
R = AxJˆ x +BxJ˜ x
It must satisfy the integrability condition (5.9) for the covariant constancy of J x,
[R, J x ] = 0
Inserting the expansions of R and J x this means
Aps
x
y[ Jˆ p , Jˆ y ] = 2ǫpytApsxyJˆ t = 0
The unique solution of this constraint is Ap = 0; this implies that R is antiselfdual.
Repeating an analogous argument for the curvature
+
R ab of the connection ω
+
ab we find
that
+
R is selfdual.
Summarizing: a 4-dimensional target manifold Mtarget of a (4, 4)-supersymmetric σ-
model is what we name a generalized an HyperKa¨hler manifold with torsion
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DEFINITION: A Generalized HyperKa¨hler manifold with torsion admits two sets
of mutually commuting complex structures that separately close the quaternionic algebra
(5.14) and that are covariantly constant, one set with respect to the ω− connection, the
other set with respect to the ω+ connection.
In 4-dimensions the above definition implies that the curvatures constructed from ω−
and ω+ are one antiselfdual and the other selfdual (or viceversa). Because of this fact we
can identify the concept of 4-dimensional generalized HyperKa¨hler manifolds with torsion
with the concept of axionic gravitational instantons
The classical supercurrents
Suppose that a (1, 1) σ-model on a manifold Mtarget admits an extended (4, 4) su-
persymmetry. The 3+3 additional supersymmetries are just global ones. The action on
the bosonic world-sheet, namely eq.(4.29) is not modified at all: we just find that it is
invariant against additional transformations. The novelty is that we can now search for
the complete form of the action on the extended super world-sheet, i.e. the analogue of
eq.(4.27) including terms proportional to ζx and χx. One should repeat the same steps
needed to fix the form (4.27) taking into account all the possible new terms. Since from
our point of view the only relevance of such an expression would be its use in the deriva-
tion of the classical supercurrents, we will confine ourselves to the terms involved in this
derivation. Let us note that the “dilatonic” terms will be enlarged to
ΦR(2) + p+T
+ + p−T− + p•T • + px•T
•
x + p◦T
◦
+p
x
◦T
◦
x (5.23)
where (in perfect analogy with eq.(4.20)) T •x , T
◦
x are the fermionic torsion two-forms relative
to the new super world-sheet gravitinos:
T •x = dζ
x − 1
2
ω(2)ζx ; T ◦x = dχ
x +
1
2
ω(2)χx (5.24)
Variations in the 1st order fields p’s sets all the torsions to zero. This allows the choice of
an “enlarged” special superconformal gauge (the extension of eq.(4.22)).
Variation in the two-dimensional spin-connection ω(2) yields
p+ = −2∂aΦV a+ ; p− = 2∂aΦV a−
p• = −4∂aΦλa ; p◦ = 4∂aΦµa
px• = −4∂aΦ(J xλ)a ; px◦ = 4∂aΦ(
+
J xµ)a
(5.25)
The fermionic torsion terms in (5.23) will contribute to the variation of the action in
the new gravitinos, as it is seen from expression (5.24). After variation we make use of
eqs.(5.25).
The supercurrents are obtained by obvious extensions of eqs.(4.30) and following ones. Let
δS =
−1
2π
∫
T+ δe+ + T− δe− + T• δζ + T◦ δχ+ T x• δζx + T x◦ δχx (5.26)
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Then superconformal invariance imposes on the 1-forms T x• and T x◦ the analogue of con-
ditions (4.31), namely:
T x+• =
1
2
T x•+ ; T x−◦ = −
1
2
T x◦−
All the other components are zero.
Definition (4.32) is enlarged to include also the supercurrents Gx:
Gx(z) = 2
√
2e
−iπ
4 T x+• ; G˜x(z¯) = −2
√
2e−
3iπ
4 T x−◦ (5.27)
From the action (4.27) we can extract G0(z) = G(z) and G˜0(z¯) = G˜(z¯). For example, to
get G0 ∝ T•+ we vary in δζ and we look for the terms proportional to e+; the relevant
terms are :
δS → 1
4π
∫
∂M
δζ
{
−λaΠa+e+ − λaV a+e+ +
4
3
iTabcλ
aλbλc
}
+ δ(p•T •) + ... =
=
−1
2π
∫
∂M
δζ
{
λaV a+e
+ − 2
3
iTabcλ
aλbλce+ − 1
2
∂+p•e+ + ...
}
where we have integrated by parts the last term after use of the definition (4.20). Using
eq.(5.25) we get
T+• = 1
2
T•+ = 1
2
λaV a+ −
i
3
Tabcλ
aλbλc + ∂+(∂rΦλ
r) (5.28)
so we finally obtain the expression for G0 = −2√2e−i π4 T+•. In a similar way one obtains
G˜0(z¯).
To derive the other supercurrents we must analize the possible new terms that contribute
to the relevant variations, and fix their coefficients by comparing the variational equations
with the projections of the equation defining the target torsion (4.24a).
For example to get Gx(z) through the computation of T x•+ the relevant terms in the ex-
tended super world-sheet action are (compare with eq.(4.27)):
S =
∫
∂M
(V a − λaζ − (J xλ)aζx − ...)(Πa+e+ − ...) + 2iλa∇λae+ + ...+ λaV aζ+
+ (J xλ)aV aζx + ...+ 4
3
iTabcλ
aλbλcζe+ + n1Tabc(J xλ)aλbλcζxe+ + ...
+ p•T • + px•T
•
x + ...
(5.29)
A priori, besides the term of the form T (J λ)λλ, we could add to eq. (5.29) also two other
kind of terms, namely T (J λ)(J λ)λ and T (J λ)(J λ)(J λ). The reason why it suffices
to add only the first term is the vanishing of the Nijenhuis tensor. Indeed the diagonal
Nijenhuis tensor constructed from J x or +J x , (see eq.(5.5)), upon use of the covariant
constancy condition
−
∇mJ xab = 0, or
+
∇m
+
J xab = 0 can be rewritten as follows:
Nabc(J ,J ) = 3Trm[aJrbJmc] − Tabc (5.30)
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(the antisymmetrization in abc is understood). By use of the Nijenhuis condition Nabc = 0
it is easy to show that
T (J λ)(J λ)λ ∝ Tλλλ
T (J λ)(J λ)(J λ) ∝ T (J λ)λλ
Hence there is only one coefficient to fix in (5.29), namely n1. To obtain its value, we
consider the equation that follows from varying the action (5.29) in δλa. Focusing on its
ζxe+ sector and comparing with the ζxζx sector of the torsion definition (see eq.(5.3)), we
obtain
n1 = 4i
Varying now (5.29) in δζx and searching for T x•+, in analogy with the procedure utilized
for G0, we get
T x• =
{
1
2
(J xλ)aΠa+e+ +
1
2
(J xλ)aV a+e+ − 2iTabc(J xλ)aλbλce+ + ∂px•e+ + ...
}
T x•+ =
{
(J xλ)aV a+ − 2iTabc(J xλ)aλbλc + 2∂(∂aΦ(J xλ)a)
}
Thus Gx(z) = 2
√
2e−i
π
4 T x+• is determined.
In a similar way one can calculate G˜x(z¯).
Summarizing: when a (1, 1) supersymmetric σ-model described by the action (4.27)
admits a global (4, 4) supersymmetry, its classical supercurrents have the following expres-
sion in terms of the 3+3 complex structures of Mtarget :
G0(z) =
√
2e−i
π
4
{
λaV az −
2
3
iTabcλ
aλbλc + 2∂ [∂aΦλ
a]
}
Gx(z) =
√
2e−i
π
4
{
(J xλ)aV az − 2iTabc(J xλ)aλbλc + 2∂ [∂aΦ(J xλ)a]
} (5.31a)
G˜0(z¯) =
√
2e−
3iπ
4
{
µaV az¯ −
2
3
iTabcµ
aµbµc + 2∂¯ [∂aΦµ
a]
}
G˜x(z¯) =
√
2e−
3iπ
4
{
(
+
J xµ)aV az¯ − 2iTabc(
+
J xµ)aµbµc + 2∂¯
[
∂aΦ(
+
J xµ)a
]} (5.31b)
6. The limit case of the solvable SU(2) ⊗ R instanton.
Equipped with the general results of the previous sections, we now focus on the
DRCHS instanton (3.28) and we consider the limit A −→ 0, where asymptotic flatness
is lost but superconformal solvability is gained. This limit corresponds to the (1,1) locally
supersymmetric σ-model on the background (4.9), that can be advantegeously rewritten as
in eq.s (4.10-4.12), leading to the vielbein (4.13). As already pointed out, the σ-model that
emerges from this choice describes the direct product of a supersymmetric Feigin-Fuchs
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model with a supersymmetric WZW model of the group SU(2). This theory has a (4,4)
global supersymmetry since it satisfies all the conditions described in the previous sections.
Let us see how this happens.
The classical σ-model
Using the vierbein (4.13), we can write the Maurer-Cartan equations of the group-
manifold SU(2)× IR as follows:
dV a =
1
2
√
2
k
fabcV
bV c a = 1, 2, 3, 0 (6.1)
where the totally antisymmetric structure constants fabc are given by
f0ab = 0
fijk = ǫijk
(6.2)
With these notations, an SU(2)× IR element in the adjoint representation is given by the
4× 4 matrix
Γab =
(
Γij 0
0 1
)
(6.3)
the 3 × 3 submatrix Γij being an SU(2) element in its own adjoint representation. As
such the matrix Γ has the properties that
ΓTΓ = 1
(ΓT dΓ)ab =
√
2
k
fabcV
c
(6.4)
In 2nd order formalism the action (4.29) for the (1,1)-supersymmetric σ-model on a generic
manifold is written as follows:
S =
−1
4π
∫
∂M
dzdz¯
{
V az V
a
z¯ + 2iλ
a −∇ zλa − 2iµa
+
∇ z¯µa − 4Rabcdλaλbµcµd
}
+
+
1
4π
∫
M
H
(6.5)
For our particular background, as for any other group-manifold, this expression simplifies,
due to the existence of two non-Riemannian spin-connections (the “zero” and the “one”
connection in Cartan terminology [13]) that are proportional to the structure constants
and that parallelize the manifold. These two connections coincide exactly with the ω− and
ω+ discussed in the previous section. Indeed, utilizing the expression of the torsion that
follows from eq.(6.1), we find:
ω−ab = 0
ω+ab =
√
2
k
fabcV
c
(6.6)
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so that
R−ab = R
+
ab = 0 (6.7)
The “minus” covariant derivative is just an ordinary derivative, so the fermions λa are just
free left-moving fermions. The µa, instead, are neither free nor right-moving. However we
can rewrite the action in terms of right-moving quantities, using the 1-forms V˜ a = ΓabV b,
that provide an alternative set of vielbein for our manifold. They are given (compare with
eq.(4.13)) by:
V˜ 0 = dt
V˜ i = −
√
k Ω˜i
(6.8)
where the forms Ω˜i are the components, along a Lie-algebra basis, of the right-invariant
form on the group manifold: Ω˜=dg g−1 . We expand these right-moving vielbeins on the
superworld-sheet as follows:
V˜ a = V˜ a+e
+ + V˜ a−e
− + λ˜ae+ + µ˜ae−
Relying on the relation
µ˜a = Γabµb, (6.9)
on the definition of
+
∇ and on the properties (6.4) of the adjoint matrix we find that
−2iµa +∇ zµa = −2iµ˜a∂¯µ˜a
Hence for group-manifolds the action (6.5) can be rewritten in such a way that involves
only free fermions:
S =
−1
4π
∫
∂M
dzdz¯
{
V az V
a
z¯ + 2iλ
a∂λa − 2iµ˜a∂¯µ˜a}+ 1
24π
√
2
k
∫
M
fabcV
aV bV c (6.10)
On the four-dimensional group-manifold SU(2)× IR it is now easy to show that the condi-
tions for (4, 4) supersymmetry are matched. Due to the vanishing of the ω− connection,
the set of complex structures J x must be constant, and we can choose them to coincide
with the Jˆ x of eqs.(5.15-16):
J x = Jˆ x (6.11)
The complex structures
+
J x , that commute with the previous set and are covariantly
constant with respect to ω+ connection, are given by
+
J x = ΓT J˜ xΓ (6.12)
This easily follows from the properties of the adjoint matrix. Substituting eqs.(6.11-6.12)
into the general expression (5.31), we can write down the explicit classical expression of
the supercurrents in the case of the SU(2)× IR background.
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Before doing this, we find it convenient to reformulate the theory in terms of free fermions
ψa(z), ψ˜a(z¯) that satisfy the standard OPEs:
ψa(z)ψb(w) = −1
2
δab
z − w (6.13)
(and the same for the ψ˜a(z¯)). This involves a simple renormalization of the original free
fermions. Indeed from the classical Dirac brackets of the fields λa and the µ˜a, that translate
into their quantum OPEs, we have:
λa(z)λb(z) = − i
2
δab
z − w
µ˜a(z¯)µ˜b(z¯) =
i
2
δab
z − w
Hence it suffices to set:
λa = eiπ/4ψa ; µ˜a = ei3π/4ψ˜a (6.14)
For the left supercurrents, recalling the form of the dilaton, (eq.(4.12)), which implies that
∂aΦ =
δa0√
2k
we immediately obtain the following expressions
G0(z) =
√
2
{
ψaV az +
1
3
√
2
k
ǫijkψ
iψjψk +
√
2
k
∂ψ0
}
Gx(z) =
√
2
{
(Jˆ xψ)aV az +
√
2
k
ǫijk (Jˆ xψ)iψjψk +
√
2
k
∂(Jˆ xψ)0
} (6.15)
For the right supercurrents, we must, first of all, give their expression in terms of right-
moving quantities. To this purpose it suffices to make use of the properties (6.4) of the
adjoint matrix and of the additional one
fabcΓar Γbs Γct = frst (6.16)
corresponding to the invariance of the group structure constants. These properties imply
µaV az¯ = µ˜
aV˜ az¯ ; (
+
J xµ)aV az¯ = (J˜ xµ˜)aV˜ az¯
ǫijkµ
iµjµk = ǫijk µ˜
iµ˜j µ˜k ; ǫijk (
+
J xµ)iµjµk = ǫijk (J˜ xµ˜)iµ˜j µ˜k
(
+
J xµ)0 = (J˜ xµ˜)0
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so that, in our case, from eq.(5.31) we obtain, in terms of the fermions ψ˜a:
G˜0(z¯) =
√
2
{
ψ˜aV˜ az¯ −
1
3
√
2
k
ǫijk ψ˜
iψ˜jψ˜k +
√
2
k
∂¯ψ˜0
}
G˜x(z¯) =
√
2
{
(J˜ xψ˜)aV˜ az¯ −
√
2
k
ǫijk (J˜ xψ˜)iψ˜jψ˜k +
√
2
k
∂¯(J˜ xψ˜)0
} (6.17)
Quantization and abstract conformal field-theory
In the case of supersymmetric WZWmodels [29], the analysis of extended global SUSY
can be also performed in purely algebraic terms; a complex structures is in one-to-one
corrispondence with a Cartan decomposition of the Lie algebra. The group SU(2)× U(1)
(this is our case) has actually three complex structures and so N=4 SUSY follows. We
arrive at this algebraic description by quantizing our theory.
The quantization of the supersymmetric WZW on any group manifold and in partic-
ular on SU(2)× U(1) is straightforward [13,23]. Focusing on the left sector (we write the
formulas for the right sector only when some difference is present) and using the currents
Ja such that
∂t = −i
√
2J0 (6.18a)
Ωi =
i
√
2
k
J i (6.18b)
we find, as result of a standard procedure,
J i(z)Jj(w) =
k
2
δij
(z − w)2 +
iǫijkJk
z − w (6.19a)
J0(z)J0(w) =
1
2(z − w)2 (6.19b)
We will use also the notation ja = (J0, J
i√
k+2
).
The correct quantum expression for the stress-energy tensor includes the Sugawara form
for the level k SU(2) WZW model, and is given by
T (z) = J0J0 +
1
k + 2
J iJ i +
i√
k + 2
∂J0 + ψa∂ψa (6.20)
Comparing this expression to eq.(4.17) we see that at quantum level a shift k → k + 2 is
necessary in the background charge term. This shift of two unities in the value of k can
be understood in the following way.
The term responsible for the background charge couples to the supersymmetrized version
of the WZW-model at level k. From a purely algebraic point of view it is well known
that a super Kac-Moody algebra of level k corresponds to an ordinary bosonic Kac-Moody
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algebra of level k−CV (where CV is the value of the quadratic Casimir) plus a set of free
fermions having regular OPEs with the Kac-Moody currents. The shift in k is due to this
fact: the relevant value of k for the computation of the background charge is the central
charge of the super Kac-Moody currents:
jasuper = j
a + const. fabc ψb ψc
and not the central charge of the Kac-Moody currents ja.
The central charge attribuited to the Feigin-Fuchs boson t is shifted to cFF = 1+6/(k+2),
the only value for which the total central charge sums up to 6, the correct one for a four
dimensional supersymmetric solution:
c = cFF + cWZW + cff = 1 +
6
k + 2
+
3k
k + 2
+ 2 = 6 (6.21)
where cWZW is the ordinary central charge of the bosonic SU(2) WZW at level k and
cff=2 is the contribution of the four free fermions.
In other words we have a (6, 6)4,4 in agreement with the general set up of section 2. Note
that the dilaton, not necessary to obtain N=4 supersymmetry at the classical level, is
essential at the quantum level to fix the central charge to its correct value.
The quantum expressions of the supercurrents (the classical ones were given in
eq.(6.15-17)) are:
G0(z) = 2
{
−ijaψa + 1
3
ǫijk√
k + 2
ψiψjψk +
∂ψ0√
k + 2
}
Gx(z) = 2
{
−ijaJˆ xabψb +
ǫijk√
k + 2
(Jˆ xψ)iψjψk + ∂(Jˆ
xψ)0√
k + 2
} (6.22a)
G˜0(z) = 2
{
−ij˜aψ˜a − 1
3
ǫijk√
k + 2
ψ˜iψ˜jψ˜k +
∂ψ˜0√
k + 2
}
G˜x(z) = 2
{
−ij˜aJ˜ xabψ˜b −
ǫijk√
k + 2
(J˜ xψ˜)iψ˜jψ˜k + ∂(J˜
xψ˜)0√
k + 2
} (6.22b)
Without the dilatonic contributions (the last terms in the above eqs.), as already stressed,
N=4 symmetry would be still present, but the supercurrents would not close the standard
algebra; they would rather close the so called N=4 extended algebra [30], based on the
Kac-Moody algebra of SU(2)×SU(2)×U(1). The canonical way to reduce this extended
algebra to the standard one is to add a background charge with a particular value. The
solution we are considering automatically performs this reduction, assigning the needed
background charge to the field t.
The supercurrents (6.22) close thus the standard algebra, which requires c to be a multiple
of six:
T (z)T (w) =
c
2
1
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
(z − w) + reg. (6.23a)
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T (z)Ga(w) = 3
2
Ga(w)
(z − w)2 +
∂Ga(w)
(z − w) + reg. (6.23b)
T (z)Ga(w) = 3
2
Ga(w)
(z − w)2 +
∂Ga(w)
(z − w) + reg. (6.23c)
T (z)Ai(w) =
Ai(w)
(z − w)2 +
∂Ai(w)
(z − w) + reg (6.23d).
Ai(z)Ga(w) = 1
2
Gb(w)(σi)ba
(z − w) + reg. (6.23e)
Ai(z)Ga(w) = −1
2
Gb(w)(σi)ab
(z − w) + reg (6.23f).
Ga(z)Gb(w) = 2c
3
δab
(z − w)3 +
4(σ∗i )
abAi(w)
(z − w)2 +
2δabT (w) + 2∂Ai(w)(σ∗i )
ab
(z − w) + reg. (6.23g)
Ai(z)Aj(w) =
c
12
δij
(z − w)2 +
iǫijkAk(w)
(z − w) + reg. (6.23h)
The same holds for the right sector.
The SU(2)1 currents of the two sectors are realized entirely in terms of free fermions:
Ai(z) = − i
2
ψaJˆ iabψb = i(ψ0ψi + 12 ǫijkψjψk)
A˜i(z) = − i
2
ψ˜aJ˜ iabψ˜b = −i(ψ˜0ψ˜i − 12 ǫijk ψ˜jψ˜k)
(6.24)
i.e. they have the same expression as for the flat space (see eq.(2.44c)), except that, due to
the non-vanishing torsion we are forced to use the two different sets of complex structures
in the two sectors. The supercurrents Ga, Ga = (Ga)∗, organized in SU(2) doublets as
dictated by the above OPEs, are given by
G = 1√
2
(
G0 − iG3
−(G2 + iG1)
)
; G = 1√
2
(
G0 + iG3
−(G2 − iG1)
)
(6.25)
for the left sector, and by the same tilded expressions in the right one.
Subsituting the explicit form (5.15-16) of the complex structures into eqs.(6.22) we get
G0 = 2
[
−iJ0ψ0 − i√
k + 2
J iψi +
2√
k + 2
ψ1ψ2ψ3 +
∂ψ0√
k + 2
]
G1 = 2
[
iJ0ψ1 − i√
k + 2
(J1ψ0 − J2ψ3 + J3ψ2) + 2√
k + 2
ψ0ψ2ψ3 − ∂ψ
1
√
k + 2
]
G2 = 2
[
iJ0ψ2 − i√
k + 2
(J1ψ3 + J2ψ0 − J3ψ1) + 2√
k + 2
ψ1ψ0ψ3 − ∂ψ
2
√
k + 2
]
G3 = 2
[
iJ0ψ3 − i√
k + 2
(−J1ψ2 + J2ψ1 + J3ψ0) + 2√
k + 2
ψ1ψ2ψ0 − ∂ψ
3
√
k + 2
]
(6.26)
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while the G˜ have analogous but slightly different expressions. This algebra was first ob-
tained by Kounnas, Porrati and Rostand [31] and used in this specific framework by Callan,
Harvey and Strominger [6].
The doublets of supercurrents can be written as
G =
[
−i
√
2(j0 − ij3) + 2
√
2
k + 2
i(ψ0ψ3 − ψ1ψ2) +
√
2
k + 2
∂
](
ψ0 + iψ3
ψ2 + iψ1
)
+
− i
√
2(j2 + ij1)
(
ψ2 − iψ1
−(ψ0 − iψ3)
)
G =(G)∗
(6.27a)
and by
G˜ =
[
i
√
2(j˜0 + i j˜3) + 2
√
2
k + 2
i(ψ˜0ψ˜3 + ψ˜1ψ˜2)−
√
2
k + 2
∂¯
](−(ψ˜0 − iψ˜3)
ψ˜2 + iψ˜1
)
+
− i
√
2(j˜2 + i j˜1)
(
ψ˜2 − iψ˜1
ψ0 + iψ˜3)
)
G˜ =(G˜)∗
(6.27b)
The relevant point is that we can easily obtain now the explicit form of the moduli operators
for the conformal field theory we have just described. We need primary fields of dimension
one which are the same time last components of an N=4 representation, namely we have
to find solutions to the OPEs (2.43). Remarkably, in our case the solution of these OPEs
is very similar in form to the solution (2.45) one obtains in the flat space case. Indeed
consider the SU(2) doublets:
Ψ1(z) = e
−
√
2
k+2
t
(
ψ0 + iψ3
ψ2 + iψ1
)
; Ψ2(z) = e
−
√
2
k+2
t
(
ψ2 − iψ1
−(ψ0 − iψ3)
)
(6.28a)
Ψ˜1(z¯) = e
−
√
2
k+2
t˜
(−(ψ˜0 − iψ˜3)
ψ˜2 + iψ˜1
)
; Ψ˜2(z¯) = e
−
√
2
k+2
t˜
(
ψ˜2 − iψ˜1
ψ0 + iψ˜3)
)
(6.28b)
These operators satisfy eq.s (2.43) with as last components the operators
Φ1(z) = e
−
√
2
k+2
t
{
i
√
2(j2 + ij1) + 2
√
2
k + 2
(ψ0 + iψ3)(ψ2 + iψ1)
}
Π1(z) = e
−
√
2
k+2
t
{
i
√
2(j0 + ij3) + 2i
√
2
k + 2
(ψ0ψ3 − ψ1ψ2)
}
Φ2(z) = e
−
√
2
k+2
t
{
−i
√
2(j0 − ij3) + 2i
√
2
k + 2
(ψ0ψ3 − ψ1ψ2)
}
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Π2(z) = e
−
√
2
k+2
t
{
i
√
2(j2 − ij1) + 2
√
2
k + 2
(ψ0 − iψ3)(ψ2 − iψ1)
}
(6.29a)
and
Φ˜1(z) = e
−
√
2
k+2
t˜
{
i
√
2(j˜2 + ij˜1) + 2
√
2
k + 2
(ψ˜0 − iψ˜3)(ψ˜2 + iψ˜1)
}
Π˜1(z) = e
−
√
2
k+2
t˜
{
i
√
2(j˜0 − ij˜3) + 2i
√
2
k + 2
(ψ˜0ψ˜3 + ψ˜1ψ˜2)
}
Φ˜2(z) = e
−
√
2
k+2
t˜
{
i
√
2(j˜0 + ij˜3) + 2i
√
2
k + 2
(ψ˜0ψ˜3 + ψ˜1ψ˜2)
}
Π˜2(z) = e
−
√
2
k+2
t˜
{
i
√
2(j˜2 − ij˜1) + 2
√
2
k + 2
(ψ˜0 + iψ˜3)(ψ˜2 − iψ˜1)
}
(6.29b)
Note that, as expected from the purely fermionic form of the currents of SU(2), the
doublets are quite completely expressed in terms of the free fermions, the exponential term
being only needed to cancel some unwanted poles. We stress that, due to the existence of
the background charge, the operator of the F.F. theory
: e
−
√
2
k+2
t
: (6.30)
has conformal dimension zero. Indeed in a F.F. theory with stress-energy tensor T (z) =
− 1
2
∂t∂t− i2Qbk∂2t the vertex operators : exp(iαt) : have a conformal weight ∆α = 12α(α+
Qbk) and in our case Qbk = −i
√
2
k+2 .
This factor is the counterpart of the plane-wave factor e[i k ·X(z,z¯)] appearing in the
flat space case. Also there the exponential factor has conformal weight zero since k2 = 0.
Indeed we can say that k0 =
√
2
k+2
is the energy component of the four-momentum.
It is fixed to a constant value in terms of the space-like components k. The difference
resides in that k is a continuos variable for flat space, while its analogue is quantized to
fixed values for the SU(2)× IR background, namely there is a finite number of zero-mode
operators rather then a continuous infinity as in flat-space. This difference follows from
the different topology of the constant-time slices in the two cases: noncompact R3 for
flat-space, compact S3 for the case under consideration.
The four fields Φa,Πa, a = 1, 2 are the moduli of our conformal theory. Combining left
and right fields, we find 16 infinitesimal deformations of our theory that preserve the N=4
superconformal algebra. These combinations are formally the same as the combinations
(2.45). Moreover it is possible to construct two abstract (0,1)-forms Ψ⋆A⋆
[0, 1
2
0, 1
2
]
, analogously
to eq.(2.47).
As an abstract (6, 6)4,4 -theory the SU(2)×IR background has the same Hodge-diamond as
flat space (compare with eq.(2.46)). However since the torsion is different from zero, these
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abstract Hodge numbers are not the usual ones of compactified version of the underlying
manifold S1 × S3, whose Betti numbers
b0 = 1 , b1 = 1 , b2 = 0 , b3 = 1 , b4 = 1
are obviously incompatible with such an Hodge decomposition.
7. Deformations of Mtarget geometry in the SU(2)× IR case
The existence of non-trivial N=4 moduli implies that the geometrical data of the
σ-model , namely its metric gµν and torsion (related to the axion Bµν) can be deformed in
such a way as to mantain N=4 supersymmetry. In other words the existence of h1,1 moduli
implies that the generalized HyperKa¨hler manifold we have considered is just an element in
a continuous family of generalized HyperKa¨hler manifolds, parametrized by 4 h1,1 param-
eters. For instance in the case of the K3 manifold the existence of 20 N=4 moduli follows
from the fact that, as an algebraic surface, K3 is described by a homogeneous equation with
19 nontrivial complex coefficients fixing the complex structure and that, for fixed complex
structure, we still have a one parameter family of deformations for the Ka¨hler class. These
deformations of the metric and of the torsion fill an 80-dimensional moduli space whose
global structure turns out to be MK3 = SO(4, 20)/SO(4) × SO(20)/SO(4, 20;Z). In a
similar way flat space has four N=4 moduli because the constant metrics and constant
torsions fills a space of dimension 16, namely the space of all 4×4 matrices (the symmetric
parts is the metric, the antisymmetric part is the axion).
The geometrical interpretation of the moduli and the knowledge of the moduli space is
very important because in the functional integral we are supposed to integrate over all
geometries. In practice the use of the instanton conformal field theory to calculate physical
amplitudes is the following. Given a scattering process withN external legs (i = 1, ....., N)
there is an expression for the emission vertex of the i-th particle in each conformally
flat background Bk corresponding to a specific (6, 6)4,4: let us name this vertex VBk(i).
At every number of loops in string perturbation theory the true scattering amplitude
is obtained by calculating the correlators for a fixed bakground, by integrating on the
Riemann surface and on its moduli space and then by summing over the backgrounds.
Schematically, if we disregard the Riemann surface integration we can write:
A(1, 2, ...., N) =
∑
Bk
< VBk(1) VBk(2) ........ VBk(N) >
The sum on Bk has a discrete and a continuous part. On one side we have to sum over
the various topologies, namely flat space and all the possible instantons. On the other side
at fixed topology we have to integrate on the instanton moduli space.
For the limit case of the SU(2)× IR instanton we have discovered from the algebraic
approach that there are four N=4 moduli just as for flat space. Their geometrical inter-
pretation, however, is less clear. In this section we explore the consequences of the N=4
moduli on the geometry of the target space. Namely we calculate the explicit form of
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the infinitesimal deformations of the metric and of the torsion due to these moduli. We
show that the deformed space is still generalized HyperKa¨hler as expected: the curvatures
of ω+ and ω− are no longer zero but still self-dual (respectively antiselfdual) after the
deformation and there exist deformed complex structures fulfilling all the requirements. A
global characterization of this space of metrics and torsions is still an open and interesting
problem. Let us discuss the infinitesimal deformations obtained by inserting the moduli
operators in the σ-model Lagrangian.
We focus on the bosonic sector which suffices to give us informations about the new
metric, new torsion and new complex structures. The bosonic parts of the moduli, reshift-
ing the background charge to its classical value, are expressed, for the left sector, in terms
of the components of the left-moving vielbeins:
Φ1(z) = (V
2
z + iV
1
z )e
−
√
2
k
t
Π1(z) = −(V 0z − iV 3z )e−
√
2
k
t
Φ2(z) = (V
0
z + iV
3
z )e
−
√
2
k
t
Π2(z) = (V
2
z − iV 1z )e−
√
2
k
t
(7.1a)
and for the right sector, in terms of the right-moving ones:
Φ˜1(z¯) = (V˜
2
z¯ + iV˜
1
z¯ )e
−
√
2
k
t
Π˜1(z¯) = (V˜
0
z¯ + iV˜
3
z¯ )e
−
√
2
k
t
Φ˜2(z¯) = −(V˜ 0z¯ − iV˜ 3z¯ )e−
√
2
k
t˜
Π˜2(z¯) = (V˜
2
z¯ − iV˜ 1z¯ )e−
√
2
k
t˜
(7.1b)
Now we can construct conformal operators of weights (1, 1) to insert into the Lagrangian
combining these (1, 0) and (0, 1) ones in all possible ways. Hence the most general expres-
sion we can add to the Lagrangian is simply
e−
√
2
k
t(z,z¯)V az Mab V˜
b
z¯ (7.2)
Mab being a constant matrix. The reality condition for this expression imposes M ∈
GL(4, IR). Thus our deformations depend on 16 real parameters as anticipated from the
abstract counting.
In terms of the components of the undeformed vielbein, which we have chosen to be the
left-moving ones, the term in (7.2) has the form:
e−
√
2
k
tV az (MΓ)abV
b
z¯ (7.3)
Γ being the variable SU(2)× IR element (point in the manifold) in the adjoint representa-
tion.
It is useful to separate the symmetric and antisymmetric part of the matrix MΓ and to
this purpose we introduce the notation
hab =
1
2
e−
√
2
k
t(MΓ + ΓTMT )ab
bab = −1
2
e−
√
2
k
t(MΓ− ΓTMT )ab
(7.4)
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The overall normalization of the new term is of course irrelevant, since M is arbitrary, and
we choose it in such a way that the bosonic part of the deformed σ-model action is:
S =
−1
4π
∫
∂M
dzdz¯
{
V az V
a
z¯ + 2V
a
z habV
b
z¯ − 2V az babV bz¯
}
+
1
4π
∫
M
H (7.5)
The torsion deformation (parametrized by the antisymmetric matrix b) can be recast in a
shift of the 3-form H:
S =
−1
4π
∫
∂M
dzdz¯
{
V az V
a
z¯ + 2V
a
z habV
b
z¯
}
+
1
4π
∫
M
(H + δH) (7.6)
where δH = dB with B = babV
aV b.
Following [32] it is also convenient to use the combinations:
G+ab = hab + bab = e
−
√
2
k
t(ΓTMT )ab = (G
−)Tab
G−ab = hab − bab = e−
√
2
k
t(MΓ)ab
(7.7)
Relying on the properties of the adjoint matrix (see eq.s(6.4)) simple expressions are ob-
tained for the derivatives of the above matrices:
∂aG
−
bc =
√
2
k
(−δa0G−bc +G−brfrca)
∂aG
+
bc = −
√
2
k
(δa0G
+
bc + fabrG
+
rc)
(7.8)
So far we have identified the deformation of the vielbein (i.e. of the metric):
V ′a = V a + δV a = V a + habV b (7.9.a)
and the components of the new torsion in the old basis which are given (this follows from
the same supersimmetry variation argument as in the undeformed case) as
(T + δT )abc = −3(H + δH)abc (7.9.b)
Now we must solve the relevant torsion equations for the two non-Riemannian connections
we are interested in, these latter, in the undeformed situation, being given by eq.(6.6) The
two torsion equations are, working at 1storder in the moduli:
dV ′a + (ω± + δω±)ab V ′b = ∓(T ′)a (7.10)
The solutions of eqs.(7.10) are given by
δω±ab|c = −2
±
∇ [aG±b]c ∓ 4G±[arTrb]c −
±
∇ cG±[ab] ± 2G±rcTrab (7.11)
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Making the covariant derivatives explicit, using eqs.(7.8) and the undeformed connections,
we finally get
δω±ab|c =
√
2
k
{
2δ[a0G
±
b]c + δc0G
±
[ab] ±G±[arfrb]c ±G±rcfrab
}
(7.12)
Next we look for the deformations of the associated curvatures. From the general formula
δR = ∇δω we have
δR−ab = dδω
−
ab = (∂p δω
−
ab|q +
1
2
√
2
k
δω−ab|rfrpq)V
pV q
δR+ab = (∂p δω
+
ab|q +
1
2
√
2
k
δω+ab|rfrpq + 2
√
2
k
f[arp δω
+
rb]|q)V
pV q
(7.13)
Using eqs.(7.12) and (7.8), after some algebra one ends up with the following results:
δR±0i = −
2
k
{
G±ijV
0V j ∓G±il ǫljk V jV k
}
δR±jk = ±ǫijk δR±0i
(7.14)
We have that the curvature of ω++ δω+ (which is δR+) is selfdual, while that of ω−+ δω−
(which is δR−)is antiselfdual:
δR±ab = ±
1
2
ǫabcd δR
±
cd (7.15)
Recall that this is a necessary condition for the deformedMtarget to have N=4 supersym-
metry, as we discussed in sec.5.
Deformations of the Complex Structures
Having singled out the deformations of the vielbein, of the torsion and, consequently,
of the two non-Riemannian connections, our aim is now to find the deformations of the
complex structures corresponding to the insertion of the N=4 moduli in the lagrangian.
Indeed they must exist since N=4 symmetry is mantained.
Any infinitesimal deformation of one of the sets of complex structures must be such that
the quaternionic algebra is preserved:
(J x + δJ x)(J y + δJ y) = −δxy + ǫxyz (J z + δJ z)
that is
δJ xJ y + J x δJ y = ǫzxy δJ z (7.16)
The general ansatz solving this requirement is
δJ x = [J x , F ] +
∑
z
Mz ǫ
zxyJ y (7.17)
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F being a generic (infinitesimal) matrix and Mz generic infinitesimal parameters.
We have to impose the “deformed” covariant-constancy conditions, different for the two
sets of complex structures relevant in the left and in the right sector:
±
∇ δ
±
J xab + 2δω±[ar
±
J xrb] = 0 (7.18)
Inserting the ansatz (7.17) with Mz=0 into eq.(7.18) we get
±
J x[ar (
±
∇F± − δω±)rb] = 0 (7.19)
Note that the deformations of the connections, (see eq.s(7.12)) can also be written as
δω+ab = −
+
∇G+[ab] −
√
2
k
Jˆ xabG+xrV r
δω−ab = −
+
∇G−[ab] +
√
2
k
J˜ xabG−xrV r
(7.20)
where Jˆ x and J˜ x are the two sets of constant complex structures introduced in sec. 5.
(see eq.(5.16)). Therefore if we start from the ansatz (17) with
F±ab = G
±
[ab] (7.21)
and Mz=0, the requirement (7.19) reduces to
+
J x[ar Jˆ
y
rb]G
+
yrV
r = 0
−
J x[ar J˜
y
rb]G
−
yrV
r = 0
(7.22)
Recall that for our undeformed manifold,
−
J x ≡ Jˆ x. The above equations hold then true
due to the commutations relations (see sec. 5)[
+
J x ,
−
J y
]
= 0[
Jˆ x , J˜ y
]
= 0
∀x, y (7.23)
Summarizing, we have obtained that the deformations of the left- and right-moving com-
plex structures due to the insertion of the moduli in the original N=4 theory are given
by
δ
±
J x =
[ ±
J x , ±bJ
]
(7.24)
where
bab = ∓G±[ab] = e−
√
2
k
t(M Γ− ΓT MT )ab
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Breaking of the old isometries
As in general the deformed curvatures differ (as forms) from zero, the effect of the
deformations cannot be trivially reabsorbed by a coordinate change. The deformed space
is actually a new kind of manifold: it is no longer a group-manifold. Due to the exponential
factor, there is no longer a direct product between a “time” coordinate and three “spatial”
ones. The “radius” of the constant-time slices increases as t → −∞; at the same time
these slices get more and more deformed respect to a three-sphere along some appropriate
harmonics of the group SU(2) (recall the presence of the adjoint matrix in the deformed
expressions). The deformations of the “radius” and of the “shape” of the constant-time
slices interplay so as to mantain the properties characterizing the space as Generalized
HyperKa¨hler . The undeformed situation (the “tube”) is recovered as t→ +∞.
In agreement with this, we show now that apparently none of the isometries is conserved
by the above infinitesimal deformations. However, as stressed in the introduction, further
study is needed to discuss the possibility, for some particular choice of the moduli, of
modifying the old Killing vectors in such a way to become Killing vectors of the new
metric, corresponding to the possibility of readsorbing the effect of thedeformation by
coordinate changes.
The group of isometries of a group-manifold G is, for G a non-abelian Lie group, G×G,
corresponding to the existence of two basis of Killing vectors, the left-invariant ones kA,
generating right translations, and the right-invariant ones k˜A, generating left translations.
The two sets are related by
k˜A = ΓAB kB (7.25)
Γ being as usual the adjoint matrix of the L.A. representing the group element g.
The vector fields kA are dual to the group-manifold vierbeins: *
ikAΩ
B = δBA (7.26)
For G abelian, the two translations coincide, and the isometry group is simply IR or U(1).
The isometry group of the manifold SU(2)× IR is therefore
SU(2)× SU(2)× IR
and it is generated by the Killing vectors ki, k˜i, i = 1, 2, 3 and k0, which can be normalized
so that their non-zero contraction with the vielbeins of the manifold are
ikiV
j = δij
i
k˜i
V j = Γij
ik0V
0 = 1
(7.27)
To check explicitely that these vectors correspond to isometries of the manifold it is suffi-
cient to compute the Lie derivative of the line element ds2 = V a⊗ V a along each of them,
finding in all cases that it vanishes.
* We use the geometric formalism extensively developed, for instance, in [13]; we indicate in particular with
ikV the “contraction” between vectors and forms, and with ℓkthe Lie derivative along the vector k
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To perform the computation one uses the fact that, from the formula for the Lie-derivative
ℓkV = d(ikV ) + ikdV
one gets
ℓk0V
a = ℓ
k˜i
V a = ℓkiV
0 = 0
ℓkiV
j = −
√
2
k
ǫijk V
k
(7.28)
Now we raise the question whether any of these isometries remains an isometry of the
deformed manifold. To see if this is the case, we have simply to compute the Lie derivative
along the above Killing vectors of the deformed line element:
ds′2 = ds2 + δds2 = V a ⊗ V a + e−
√
2
k
tV a ⊗ (MΓ+ ΓTMT )abV b (7.29)
By explicit computation we find:
ℓk0 δds
2 = −
√
2
k
e−
√
2
k
t(MΓ+ ΓTMT )abV
a ⊗ V b (7.30a)
ℓki δds
2 = −2
√
2
k
e−
√
2
k
t ǫilk (MΓ)laV
a ⊗ V k (7.30b)
ℓ
k˜i
δds2 = 2
√
2
k
e−
√
2
k
t ǫpni ΓpjManV
a ⊗ V j (7.30c)
Since in general none of these expression vanishes, none of the isometries is mantained after
deformation. This does not exclude that some modified Killing vectors exist, as discussed
before.
A. List of the vertices for a generic (6,6) solution
We list now the vertices that correspond to emission of particle zero-modes for the
various fields appearing in the effective 4-dimensional lagrangian in terms of the conformal
fields of the generic ”instantonic” CFTs decribed in sec. 2. The notations used in this list
are essentially all explained in sec.2, for what concernes the space-time operators, that in
the following expressions are distinguished by the square brackets. The ΨA,Ψ∗A∗ are the
operators correspondent to the (1, 0) and (0, 1) forms, ΦA,ΠA (and the starred analogues)
the correspondent “upper components”. 1ˆ is the identity times maybe the dimension zero
operator that plays the same role as eik·X(z,z¯) in the flat space case, and whose presence
depends on the uncompactified geometry represented by the abstract (6, 6)4,4.
The operators in the internal theory are labeled by their left and right conformal
weights and U(1) charges. In particular, the (chiral, chiral) and (chiral, antichiral) fields
Ψ±k are lowest components of short N=2 reps. and play the role of abstract (1,1) and (2,1)
forms of the compactifying Calabi-Yau manifold. The internal fields Ωi are all the possible
primary fields with the specified weights and charges, including more than the Ψ±k . We
refer for more extensive exposition of the notation to [13, sec.VI.10].
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The branchings of the SU(6) reps into SO(6) × SU(2) × U(1) which explains how the
SU(6) index of the charged vertices is reconstructed are indicated in the form
repSU(6) = (repSO(6) , repSU(2) , q˜)
(we omit the U(1) charge q˜ when it is equal to zero). We list the vertices referring to their
interpretation as zero-modes of the various E6-neutral and E6-charged fields of the effective
d=4 theory (see sec.2), just to facilitate the comparison with the zero modes counting of
that section; we count them for each field of the effective lagrangian of a certain kind; the
number of these fields depends of course in the usual way from the topological numbers of
the internal CY manifold.
In the specific case of K3 the abstract (0,1)-forms are not in the spectrum of the
theory (h0,1=0).
Gravitational multiplet:
Graviton
eiφsg(z)ΦA
[
1/2 1
1/2 0
]a
1
(
0 0
0 0
)
eiφsg(z)ΠA
[
1/2 1
1/2 0
]a
1
(
0 0
0 0
)
4h1,1 zero modes
Gravitino
e
i
2
φsg(z)ΦA
[
1/4 1
0 0
]
1
(
3/8 0
−3/2 0
)
e
i
2
φsg(z)ΠA
[
1/4 1
0 0
]
1
(
3/8 0
−3/2 0
)
e
i
2
φsg(z)Φ∗A∗
[
1/4 1
1/2 0
]
1
(
3/8 0
3/2 0
)
e
i
2
φsg(z)1
[
1/4
1/2
]a
Π∗A∗
[
1/4 1
1/2 0
]
1
(
3/8 0
3/2 0
)
2h1,1 zero modes of (+) chirality and 4h0,1 zero modes of (-) chirality
Neutral WZ multiplets
SU(6)-singlet scalars
eiφsg(z)1ˆ
[
0 0
0 0
]
Ωi
(
1/2 1
1 0
)
One zero mode.
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SU(6)-singlet fermions
e
i
2
φsg(z)1ˆ
[
1/4 0
1/2 0
]a
Ωi
(
3/8 1
−1/2 0
)
e
i
2
φsg(z)ΨA
[
1/4 0
0 0
]
Ωi
(
3/8 1
1/2 0
)
2 zero modes of (-) chirality and h1,0 of (+) chirality.
E6 Gauge bosons:
Vertices in the 35 of SU(6), “SU(6)-gauge bosons”
35 = (15, 1) + (1, 1) + (1, 3) + (4, 2, q˜ = 3/2) + (4, 2, q˜ = −3/2)
e
i
2
φsg(z)ΨA
[
1/2 0
1/2 0
]a
1
(
0 0
0 0
)
JA(z)
e
i
2
φsg(z)ΨA
[
1/2 0
1/2 0
]a
1
(
0 0
0 0
)
∂φ(z)
e
i
2
φsg(z)ΨA
[
1/2 0
1/2 0
]a
1
(
0 0
0 0
)
A˜i(z)
e
i
2
φsg(z)ΨA
[
1/2 1/4
1/2 1/2
]aa˜
1
(
0 3/8
0 3/2
)
Σα(z)
e
i
2
φsg(z)ΨA
[
1/2 1/4
1/2 1/2
]aa˜
1
(
0 3/8
0 −3/2
)
Σα˙(z)
2h1,0 zero modes.
J are the currents in the adjoint (15) of SO(6), A˜ the currents of the SU(2) of the
right N=4 algebra, ∂φ is the internal U(1) current expressed in term of a free boson.
SU(6)-singlet scalars
eiφsg(z)Ωi
[
1/2 1
1 0
]
1
(
0 0
0 0
)
The Ωi are all the “space-time” fields with the indicated weights and isospins, so they are
more than the ΨA (see sec.2) and their number should correspond to #End(TK3)
“Scalar” vertices in the 20 of SU(6)
20 = (6, 2) + (4, 1, q˜ = 3/2) + (4, 1, q˜ = −3/2)
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eiφsg(z)ΨA
[
1/2 1/2
1/2 1/2
]aa˜
1
(
0 0
0 0
)
θP (z)
eiφsg(z)ΨA
[
1/2 1/4
1/2 0
]a
1
(
0 3/8
0 3/2
)
Σα(z)
eiφsg(z)ΨA
[
1/2 1/4
1/2 0
]a
1
(
0 3/8
0 −3/2
)
Σα˙(z)
2h(1,1) zero modes.
The heterotic fermions θP (z¯) transform in the fundamental of SO(6); Σα and Σα˙ are the
SO(6) spin fields of the two chiralities.
E6 Gauginos:
Vertices in the 35, “SU(6) gauginos”
e
i
2
φsg(z)1ˆ
[
1/4 0
1/2 0
]a
1
(
3/8 0
−3/2 0
)
JA(z)
e
i
2
φsg(z)1ˆ
[
1/4 0
1/2 0
]a
1
(
3/8 0
−3/2 0
)
∂φ(z)
e
i
2
φsg(z)1ˆ
[
1/4 0
1/2 0
]a
1
(
3/8 0
−3/2 0
)
A˜i(z)
e
i
2
φsg(z)1ˆ
[
1/4 1/4
1/2 1/2
]aa˜
1
(
3/8 3/8
−3/2 3/2
)
Σα(z)
e
i
2
φsg(z)1ˆ
[
1/4 1/4
1/2 1/2
]aa˜
1
(
3/8 3/8
−3/2 −3/2
)
Σα˙(z)
Two zero modes of (-) chirality.
e
i
2
φsg(z)ΨA
[
1/4 0
0 0
]
1
(
3/8 0
3/2 0
)
JA(z)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
h1,0 of (+) chirality.
SU(6) singlets fermions)
eiφsg(z)Ωi
[
1/4 1
0 0
]
1
(
3/8 0
3/2 0
)
The numbers of these vertices is again related to #End(TK3).
60
Fermions in the 20 of SU(6)
e
i
2
φsg(z)ΨA
[
1/4 1/2
0 1/2
]a˜
1
(
3/8 0
3/2 0
)
θP (z)
e
i
2
φsg(z)ΨA
[
1/4 1/4
0 0
]
1
(
3/8 3/8
3/2 3/2
)
Σα(z)
e
i
2
φsg(z)ΨA
[
1/4 1/4
0 0
]
1
(
3/8 3/8
3/2 −3/2
)
Σα˙(z)
h1,1 zero modes, all of (+) chirality.
27-charged Scalars:
Scalars in the 15 of SU(6)
15 = (6, 1, q˜ = 1) + (4, 2, q˜ = −1
2
) + (1, 1, q˜ = −2)
eiφsg(z)1ˆ
[
0 0
0 0
]
Ψ+k
(
1/2 1/2
1 1
)
θP (z)
eiφsg(z)1ˆ
[
0 1/4
0 1/2
]a˜
Ψ+k
(
1/2 3/8
1 −1/2
)
Σα(z)
eiφsg(z)1ˆ
[
0 0
0 0
]
Ψ+k
(
1/2 1
1 −2
)
one zero mode.
scalars in the 6 of SU(6)
6 = (1, 2, q˜ = 1) + (4, 1, q˜ = −1
2
)
eiφsg(z)Ψ∗A∗
[
0 1/2
0 1/2
]a˜
Ψ+k
(
1/2 1/2
1 1
)
eiφsg(z)Ψ∗A∗
[
0 1/4
0 0
]
Ψ+k
(
1/2 3/8
1 −1/2
)
Σα(z)
h0,1 zero modes.
27-charged fermions
fermions in the 15
e
i
2
φsg(z)1ˆ
[
1/4 0
1/2 0
]a
Ψ+k
(
3/8 1/2
−1/2 1
)
θP (z)
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e
i
2
φsg(z)1ˆ
[
1/4 1/4
1/2 1/2
]aa˜
Ψ+k
(
3/8 3/8
−1/2 −1/2
)
Σα(z)
e
i
2
φsg(z)1ˆ
[
1/4 0
1/2 0
]a
Ψ+k
(
3/8 1
−1/2 −2
)
Two zero modes of (-) chirality.
e
i
2
φsg(z)ΨA
[
1/4 0
0 0
]
Ψ+k
(
3/8 1/2
1/2 1
)
θ˜P (z)
e
i
2
φsg(z)ΨA
[
1/4 1/4
0 1/2
]a˜
Ψ+k
(
3/8 3/8
1/2 −1/2
)
Σ˜α(z)
e
i
2
φsg(z)ΨA
[
1/4 0
0 0
]
Ψ+k
(
3/8 1
1/2 −2
)
h1,0 zero modes of (+) chirality.
fermions in the 6
e
i
2
φsg(z)ΨA
[
1/4 1/2
0 1/2
]a˜
Ψ+k
(
3/8 1/2
1/2 1
)
e
i
2
φsg(z)ΨA
[
1/4 1/4
0 0
]
Ψ+k
(
3/8 3/8
1/2 −1/2
)
Σα(z)
h1,1 zero modes of (+) chirality.
e
i
2
φsg(z)Ψ∗A∗
[
1/4 1/2
1/2 1/2
]aa˜
Ψ+k
(
3/8 1/2
−1/2 1
)
e
i
2
φsg(z)Ψ∗A∗
[
1/4 1/4
1/2 0
]a
Ψ+k
(
3/8 3/8
−1/2 −1/2
)
Σ˜α(z)
2h0,1 zero modes of (-) chirality.
27-charged Scalars:
scalars in the 15 of SU(6)
15 = (6, 1, q˜ = −1) + (4, 2, q˜ = 1
2
) + (1, 1, q˜ = 2)
eiφsg(z)1ˆ
[
0 0
0 0
]
Ψ−k
(
1/2 1/2
1 −1
)
θP (z)
eiφsg(z)1ˆ
[
0 1/4
0 1/2
]a˜
Ψ−k
(
1/2 3/8
1 1/2
)
Σα˙(z)
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eiφsg(z)1ˆ
[
0 0
0 0
]
Ψ−k
(
1/2 1
1 2
)
one zero mode.
scalars in the 6 of SU(6)
6 = (1, 2, q˜ = −1) + (4, 1, q˜ = 1
2
)
e
i
2
φsg(z)Ψ∗A∗
[
0 1/2
0 1/2
]a˜
Ψ−k
(
3/8 1/2
1/2 −1
)
e
i
2
φsg(z)Ψ∗A∗
[
0 1/4
0 0
]
Ψ−k
(
3/8 3/8
1/2 1/2
)
Σα(z)
h0,1 zero modes
27-charged fermions:
fermions in the 15
e
i
2
φsg(z)1ˆ
[
1/4 0
1/2 0
]a
Ψ−k
(
3/8 1/2
−1/2 −1
)
θP (z)
e
i
2
φsg(z)1ˆ
[
1/4 1/4
1/2 1/2
]aa˜
Ψ−k
(
3/8 3/8
−1/2 1/2
)
Σα(z)
e
i
2
φsg(z)1ˆ
[
1/4 0
1/2 0
]a
Ψ−k
(
3/8 1
−1/2 2
)
Two zero modes of (-) chirality.
e
i
2
φsg(z)ΨA
[
1/4 0
0 0
]
Ψ−k
(
3/8 1/2
1/2 −1
)
θ˜P (z)
e
i
2
φsg(z)ΨA
[
1/4 1/4
0 1/2
]a˜
Ψ−k
(
3/8 3/8
1/2 1/2
)
Σ˜α(z)
e
i
2
φsg(z)ΨA
[
1/4 0
0 0
]
Ψ−k
(
3/8 1
1/2 2
)
h1,0 zero modes of (+) chirality.
fermions in the 6
e
i
2
φsg(z)ΨA
[
1/4 1/2
0 1/2
]a˜
Ψ−k
(
3/8 1/2
1/2 −1
)
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e
i
2
φsg(z)ΨA
[
1/4 1/4
0 0
]
Ψ−k
(
3/8 3/8
1/2 1/2
)
Σα(z)
h1,1 zero modes of (+) chirality.
e
i
2
φsg(z)Ψ∗A∗
[
1/4 1/2
1/2 1/2
]aa˜
Ψ−k
(
3/8 1/2
−1/2 −1
)
e
i
2
φsg(z)Ψ∗A∗
[
1/4 1/4
1/2 0
]a
Ψ−k
(
3/8 3/8
−1/2 1/2
)
Σ˜α(z)
2h0,1 zero modes of (-) chirality.
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